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Abstract 

We introduce the concept of pseudo symplectic capacities which is a mild 
generalization of that of symplectic capacities. As a generalization of the 
Hofer-Zehnder capacity we construct a Hofer-Zehnder type pseudo symplectic 
capacity and estimate it in terms of Gromov-Witten invariants. The (pseudo) 
symplectic capacities of Grassmannians and some product symplectic mani- 
folds arc computed. As applications we first derive some general nonsqucczing 
theorems that generalize and unite many previous versions, then prove the 
Weinstein conjecture for cotangent bundles over a large class of symplectic 
uniruled manifolds (including the uniruled manifolds in algebraic geometry) 
and also show that any closed symplectic submanifold of codimension two in 
any symplectic manifold has a small neighborhood whose Hofer-Zehnder ca- 
pacity is less than a given positive number. Finally, we give two results on 
symplectic packings in Grassmannians and on Seshadri constants. 
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1 Introduction and main results 

Gromov-Witten invariants and symplectic capacities are two kinds of impor- 
tant symplectic invariants in symplectic geometry. Both have many important 
applications. In particular, they are related to the famous Weinstein conjec- 
ture and Hofer geometry (cf. [EH IFrGiSchll IFrSchll lHZ2l lHV2l ILaJVlcll ILaMc2l 
iLmTl [Lim llZl ILIII IIZ51 ll^ 

[SdiwllWIWIV3llV4irV\^ etc.). For some problems, Gromov-Witten invari- 
ants are convenient and effective, but for other problems symplectic capacities 
are more powerful. In the study of different problems different symplectic ca- 
pacities were defined. Examples of symplectic capacities are the Gromov width 
Wg f jGrj ). the Ekeland-Hofer capacity ceh ([EH ), the Hofer-Zehnder capac- 
ity chz ( |HZlj ) and Hofer's displacement energy e ([HI]), the Floer-Hofer 
capacity cfh ([Hi]) and Viterbo's generating function capacity cy (|Y3j). 
Only Wg, Chz and e are defined for all symplectic manifolds. In [HZlj an 
axiomatic definition of a symplectic capacity was given. The Gromov width 
Wg is the smallest symplectic capacity. The Hofer-Zehnder capacity is used 
in the study of many symplectic topology questions. The reader can refer to 
[HZ21 IMcSali IV2| for more details. But to the author's knowledge the rela- 
tions between Gromov-Witten invariants and symplectic capacities have not 
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been explored explicitly in the literature. Gromov-Witten invariants are de- 
fined for closed symplectic manifolds f [FO[ ILiTl iRl ISie| ) and some non-closed 
symplectic manifolds (cf. |Lu41ILu8] ) and have been computed for many closed 
symplectic manifolds. However, it is difficult to compute chz for a closed sym- 
plectic manifold. So far the only examples are closed surfaces, for which chz 
is the area f |Sib| ). and complex projective space (CP", cr„) with the standard 
symplectic structure (T„ related to the Fubini-Study metric: Hofcr and Viterbo 
proved chz {CP^ , cr„ ) = tt in [HV2] . Perhaps the invariance of Gromov-Witten 
invariants under deformations of the symplectic form is the main reason why 
it is easier to compute them than Hofer-Zehnder capacities. Unlike Gromov- 
Witten invariants, symplectic capacities do not depend on homology classes 
of the symplectic manifolds in question. We believe that this is a reason why 
they are difficult to compute or estimate, and it is based on this observation 
that we introduced the concept of pseudo symplectic capacities in the early 
version [Lu5j of this paper. 

1.1 Pseudo symplectic capacities 

In |HZlj a map c from the class C{2n) of all symplectic manifolds of dimen- 
sion 2n to [0, -l-oo] is called a symplectic capacity if it satisfies the following 
properties: 

(monotonicity) If there is a symplectic embedding (Afi,wi) {M2,oj2) of 
codimension zero then c{Mi,lui) < c(M2,W2); 
(conformality) c{M, Xui) = |A|c(M, w) for every A e K \ {0}; 
(nontriviality) c(B2"(1), cjq) = tt = c(Z2"(l), wq). 

Here and Z^"(l) are the closed unit ball and closed cylinder in the 

standard space (M^",Li;o), i-e., for any r > 0, 

S2"(r) = {(a;,j/)eM2" | \x\' + \y\' < r'} 

and 

Z2"(r) = {(x,y)eR2"|x?+2/?<r2}. 

Note that the first property implies that c is a symplectic invariant. 

Let H^,(M; G) denote the singular homology of M with coefhcient group G. 
For an integer fc > 1 we denote by C(2rt, k) the set of all tuples (M, uj;ai,---,ak) 
consisting of a 2n-dimensional connected symplectic manifold {M, to) and 
nonzero homology classes a.i e H^{M;G), i — l,---,k. We denote by pt 
the homology class of a point. 
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Definition 1.1 A map c''^^ from C(2n, fc) to [0, +00] is called a Gfc-pseudo 
symplectic capacity if it satisfies the following conditions. 
PI. Pseudo monotonicity: If there is a symplectic embedding -0 : (Mi,cji) — 
{M2,ui2) of codimension zero, then for any ai S if* (Mi; G) \ {0}, i = 1, • • • , /c, 

c('=)(Mi,wi;ai, • • • ,afe) < c^'') (M2, t^2; ' ' ■ ,i'*{ak)); 

P2. Conformality: cW(M, Aw; ai, • • • , a^) = |A|c('^)(M, w; ai, • • • , a^) for 

every A S M \ {0} and all homology classes £ H^{M; G) \ {0}, i — 1, - ■ ■ ,k] 

P3. Nontriviality: c('=)(S2"(l), wo;pt, • • • ,pt) = tt 

= cW(Z2"(l),c^o;pi,---,pi). 

The pseudo monotonicity is the reason that a pseudo symplectic capacity 
in general fails to be a symplectic invariant. If fc > 1 then a G^-i-pseudo 
symplectic capacity c^^'~^^ is naturally defined by 

cC^-i' (Af, w; ai, • • • , at-i) := c('^)(Af, ij;pt, ai, ■ ■ ■ , afc-i), 

and any c'-'^-' induces a true symplectic capacity 

c(°) (Af , Lo) c^^) (Af , uj;pt,---,pt). 

In this paper we shall concentrate on the case fc = 2 since in this case there 
are interesting examples. More precisely, we shall define a typical G2-pseudo 
symplectic capacity of Hofer-Zehnder type and give many applications. In 
view of our results we expect that pseudo symplectic capacities will become a 
powerful tool in the study of symplectic topology. Hereafter we assume G = Q 
and often write if*(Af ) instead of if*(Af ; Q). 

1.2 Construction of a pseudo symplectic capacity 

We begin with recalling the Hofer-Zehnder capacity from |HZ1| . Given a sym- 
plectic manifold (Af, lj), a smooth function if: Af M. is called admissible 
if there exist an nonempty open subset U and a compact subset K C M\ dM 
such that 

(a) H\ij — and H\m\k — 'cna^H; 

(b) < if < maxif; 

(c) X = Xh{x) has no nonconstant fast periodic solutions. 

Here Xh is defined by uj{Xh,v) — dH{v) for v G TM, and "fast" means 
"of period less than 1". Let T-Cad(M,uj) be the set of admissible Hamiltonians 
on (Af, cj). The Hofer-Zehnder symplectic capacity chz{M,ijj) of (Af, cj) is 
defined by 

CHz{M, uj) = sup {max ff I H e HadiM, uj)} . 
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Note that one can require the compact subset K — K{H) to be a proper 
subset of M in the definition above. In fact, it suffices to prove that for any 
H e Had{M,uj) and e > smah enough there exists a G Tiad{M,uj) such 
that maxiJg > maxi? — e and that the corresponding compact subset K{H^) 
is a proper subset in M . Let us take a smooth function : M ^ M such that 
< f'M < f and feit) = as t < 0, and /^(t) = maxH - e as t > maxi/ - e. 
Then the composition o if is a desired . 

The invariant chz has many apphcations. Three of them are: (i) giv- 
ing a new proof of a foundational theorem in symplectic topology - Gro- 
mov's nonsqueezing theorem; (ii) studying the Hofer geometry on the group 
of Hamiltonian symplectomorphisms of a symplectic manifold; (iii) establish- 
ing the existence of closed characteristics on or near an energy surface. As 
mentioned above, the difficulties in computing or estimating CHziM^uj) for a 
given symplectic manifold (M, lu) make it hard to find further applications of 
this invariant. Therefore, it seems to be important to give a variant of chz 
which can be easily estimated and still has the above applications. An attempt 
was made in |McSl] . In this paragraph we shall define a pseudo symplectic 
capacity of Hofer-Zehnder type. The introduction of such a pseudo symplectic 
capacity was motivated by various papers (e.g. [LiuTl [McSl] ). 

Definition 1.2 For a connected symplectic manifold {M,uj) of dimension at 
least 4 and two nonzero homology classes ao,aoo G H^,{M;Q), we call a 
smooth function H : M M. (ao, aoo)-admissible (resp. {ao, Q!oo)°-admissibIe) 
if there exist two compact submanifolds P and Q of M with connected smooth 
boundaries and of codimension zero such that the following condition groups 
(1)(2)(3)(4)(5)(6) (resp. (1)(2)(3)(4)(5)(6°)) hold: 

(1) P C Int(Q) and Q C Int(Af); 

(2) H\p ^ and i?U/\int(Q) = maxiJ; 

(3) 0<H< maxH; 

(4) There exist cycle representatives of ao and aoo, still denoted by aojQ^ooj 

such that supp(q;o) C Int(P) and supp(Q;oo) C Af \ Q; 

(5) There are no critical values in (0,e) U (maxi? — e,maxH) for a small 

e = e{H) > 0; 

(6) The Hamiltonian system x = Xh{x) on M has no nonconstant fast peri- 

odic solutions; 

(6°) The Hamiltonian system x — Xh{x) on M has no nonconstant con- 
tractible fast periodic solutions. 
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We respectively denote by 

(1) 'Had{M,uj;ao,aoo) and n°jM,uj;ao,aoo) 

the set of all (ao, aoo)-admissible and (ao, aoo) "-admissible functions. Unlike 
HadiM^iv) and H°^(M, cj), for some pairs {ao,aao) the sets in (P) might be 
empty. On the other hand, one easily shows that both sets in ([1]) are nonempty 
if ttQ and aoo are separated by some hypersurface S* C M in the following sense. 

Definition 1.3 A hypersurface S" C Af is called separating the homology 
classes ao,Q!oo G H^,{M) if (i) S separates M in the sense that there exist 
two submanifolds Mq and Moo of M with common boundary S such that 
AIq U Moo — M and Mq n M^o — S, (ii) there exist cycle representatives of uq 
and Qfoo with supports contained in Int(7\fo) and Int(Moo) respectively, (iii) 
Mq is compact and dMo = S. 

Without special statements a hypersurface in this paper always means a 
smooth compact connected orientable submanifold of codimension one and 
without boundary. Note that if M is closed and a hypersurface S C M 
separates the homology classes ao and aoo, then S also separates ctoo and ag- 

We define 

(2) I '^H2(*^'^''^o,aoo) sup{maxH|i/ e 7^ad(M,cj;Q;o,aoo)}, 

Hereafter we make the conventions that sup0 — and inf = +00. As shown 
in Theorem 11.51 below, C)^^ a G2-pseudo symplectic capacity. We call it 
pseudo symplectic capacity of Hofer-Zehnder type. Cj^^ and C^j^^ in 
(12) have similar dynamical implications as the Hofer-Zehnder capacity chz- 
In fact, as in |HZ21 [HV2| one shows that 

< CPziM, to; ao, aoo) < +^ (0 < C^hz\^^^ '^'^ «o, aoo) < +00) 

implies that every stable hypersurface S <Z M separating ao and ckoo carries 
a (contractiblc in M) closed characteristic, i.e., there is an embedded (con- 
tractible in M) circle in S all of whose tangent lines belong to the characteristic 
line bundle 

Cs = {{x, 0&TS\ uj{i, 77) = for all 77 € T^S} . 

This leads to the following version of the Weinstein conjecture. 

(ao, aoo)-Weinstein conjecture: Every hypersurface S of contact type 
in a symplectic manifold (Af , lo) separating ao and aoo carries a closed char- 
acteristic. 
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In terms of this language the main resuh Theorem 1.1 in [LiuTj asserts that 
the (ofQ, aoo)-Weinstein conjecture holds if some GW- invariant 



does not vanish, see 1.3 below. 

As before let pt denote the generator of Ho{M; Q) represented by a point. 
Then we have the true symplectic capacities 



Recall that we have also the tti -sensitive Hofer-Zehnder capacity denoted 
by Chz in [Lulj and by c'^^ in [Schw] . By definitions, it is obvious that 
Chz{M,uj) < CHz{M,Lj) and C^zi^^^) ^ (^Hzi^'^^^) symplectic 
manifold (M, u;). One naturally asks when Chz (resp. C^^) is equal to chz 
(resp. c°^z)- The following result partially answers this question. 

Lemma 1.4 Let a symplectic manifold {M,uj) satisfy one of the following 
conditions: 

(i) (Af , Lj) is closed. 

(ii) For each compact subset K C M\dM there exists a compact submanifold 

W C M with connected boundary and of codimension zero such that 
K CW. Then 

Chz {M,lu)^ chz [M, to) and C°hz {M,uj)^ c°hz (M, ^) ■ 
For arbitrary homology classes Oq, aoo G H^{M), 



Both C\jz and C\j^ are important because estimating or calculating them 
is easier than for Chz and C'^^, and because they still share those proper- 
ties needed for applications. In Remark 11.281 we will give an example which 

(2) 

illustrates that sometimes Cj^^ gives better results than Chz- Recall that the 
Gromov width Wq is the smallest symplectic capacity so that 



(3) 



( 



Chz{M,u;) ■.= cfz{M,u-pt,pt), 
C°HziM,u;) ■.^C^^°J{M,u;-pt,pt). 




C''j^l{M,uj;ao,a^) < C^j^°J {M,uj; ao, a^), 

uj;ao,aoo) < Chz{M,lj), 
C^^z\M,Lo;ao,aoo) < C°hz{M,u:). 



(5) 



Wg < Chz < C^ 



HZ- 
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Convention: C stands for both C)j^^ and C]j°^ if there is no danger of 
confusion. 

The following theorem shows that indeed a pseudo symplectic ca- 

pacity. 

Theorem 1.5 : 

(i) If M is closed then for any nonzero homology classes ao, ctoo € H^,{M; Q), 

C{M,u);ao,aoo) = C(M, w; ao)- 

(ii) C(M, c^oc) is invariant under those symplectomorphisms 

€ Symp(A'/, cj) which induce the identity on iJ,(M;Q). 

(ill) (Normality) For any r > and nonzero ao,aoo G H*{B^"{r);Q) or 
i?,(Z2"(r);Q), 

C{B^"{r),uo;ao,a^) = C{Z^'^{r),u;o;ao,a^) = wr^ 

(iv) (Conformality) For any nonzero real number X, 

C{M,Xuj;ao,a^) = \X\C{M,u;aQ,aoo)- 

(v) (Pseudo monotonicity) For any sym.plectic embedding ip : {Mi,uji) 

(M2, W2) of codimension zero and any nonzero aojCtoo G -ff*(-Mi;Q); 

GHzi^i'^i'<^o,aoo) < C^k-^2,W2; V*(Q!o),V'*(Q!oo))- 

Furthermore, if if) induces an injective homomorphism 7ri(Afi) 7ri(M2) 
then 

cj^^'(Mi,a;i;ao,aoo) < C'^z (A^2,t^2;■i/'*(ao),1/'*("oo))■ 
(vi) For any m e N 

{C(M,a;;ao,Q!oo) < C(M, w; mao, aoo), 
C{M,u)\aQ,aoo) < C{M,u>;ao,maoc), 
C{M,uj\-ao,aoo) = C{M,uj;aQ,aoo) = C{M,uj\ao,-aoo)- 

(vii) // dim ao + dim aoo < dim M — 2 and ao or aoo can 6e represented by a 
connected closed submanifold, then 

C{M,uj;ao,a^) > 0. 
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Remark 1.6 If M is not closed, C{M,uj;pt, a) and C{M,uj;a,pt) might be 
different. For example, let M be the annulus in of area 2, and a be 
a generator of Hi{M). Then Wg(M,w) = C''HliM,uj;pt,a) = 2, while 
C^^{M,Lj;a,pt) = since T-iad{M,uj;a,pt) — 0. This example also shows 
that the dimension assumption dimao + dimaoo < dimAf — 2 cannot be 
weakened. 

Proposition 1.7 Let W C Int(M) be a smooth compact submanifold of codi- 
mension zero and with connected boundary such that the homology classes 
ttO: 0£<x} G H^{M; Q)\{0} have representatives supported mlnt(Vl^) andlnt{M)\ 
W, respectively. Denote by ao G H^,{W]Q) and ckoo G H^{M \ W;(}) the 
nonzero homology classes determined by them. Then 

(6) C^^l{W,uj;ao,pt) < C^^l{M,Lo;ao,aoo), 
and we specially have 

(7) CHZ (W.u;)^ Chz {W, cj) < (M, u;; pt, a) 

for any a € _ff*(M;Q) \ {0} with representative supported in Int(A/) \ W. If 
the inclusion W ^ M induces an injective homomorphism tti(W) — > tti{M) 
then 

(8) C^HziW,Lo;ao,pt) < &H^{M,uj-a^,aoo) 
and corresponding to ^ we have 

(9) c°Hz{W,u,) = C°Hz{W,oj) < c'i°J{M,iu;pt,a). 
Also 

(10) C^hUm\W, pt) < cPziM, 
and 

(11) C^j^°J{M\W,u;ao.,pt) < {M,Lo;a^,ao) 

if the inclusion A'I\W ^ M induces an injective homomorphism 7ri(M\T4^) — > 
7ri(M). Furthermore, for any a G 7J*(M;Q) \ {0} with dim a < dimM — 1, 

(12) Wg{M,uj) <C{M,uj;pt,a). 

For closed symplectic manifolds. Proposition 11.71 can be strengthened as 
follows. 

Theorem 1.8 If in the situation of Proposition [7T7| the symplectic manifold 
(M, Lu) is closed and M \ W is connected, then 

(13) d^liw, pt) + cPz{M\W, pt) < d^liM, 
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In particular, if a £ H^{M; Q) \ {0} has a representative supported in M \ W 
and thus determines a homology class a G H<f{M \ W]Q) \ {0}, then 

CHZ {W, u) + Cfz {M\W,u-a, pt) < Cfz (M, Lu; pt, a) . 

If both inclusions W ^ M and M \ W '-^ AI induce an injective homomor- 
phisms 7ri(W) 7ri(M) and 7ri(M \ W) — > 7ri(M), then 

(14) c';f^z\w,u;;ao,pt) + dH°J{M\W,u;;aoo,pt) < &hz iM^uo-a^.a^), 
and specially 

c°Hz {W, Lo) + C^^°J (M \W,LO-a,pt)< C^^°J [M, Lu; pt, a) 

for any a G H^(M; Q) \ {0} with a representative supported in M \ W . 

An inequality similar to (jlSp was first proved for the usual Hofer-Zehnder 
capacity by Mei-Yu Jiang [Ji]. In the following subsections we always take 
G = Q. 

1.3 Estimating the pseudo capacity in terms of Gromov- 
Witten invariants 

To state our main results we recall that for a given class A £ H2 {M ; Z) 
the Gromov-Witten invariant of genus g and with m + 2 marked points is 
a homomorphism 

We refer to the appendix and [F0| ILiT| IR} ISiej and [Lu8| for more details on 
Gromov-Witten invariants. 

The Gromov-Witten invariants for general (closed) symplectic manifolds 
were constructed by different methods, cf. [F0[ ILiTl iRl ISie| . and [LiuT| 
for a Morse theoretic set-up. It is believed that these methods define the 
same symplectic Gromov-Witten invariants, but no proof has been written 
down so far. A detailed construction of the GW-invariants by the method 
in [LiuTj . including proofs of the composition law and reduction formula, 
was given in |Lu8| for a larger class of symplectic manifolds including all 
closed symplectic manifolds. The method by Liu-Tian was also used in [Mc2] . 
Without special statements, the Gromov-Witten invariants in this paper are 
the ones constructed by the method in |LiuTj . The author strongly believes 
that they agree with those constructed in ^ . 
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Definition 1.9 Let (A/, w) be a closed symplectic manifold and let ao,aoo G 
H4M;Q). We define 

GWg(M,tj;ao,aoo) e {0,+oo] 

as the infimuni of the cj-areas uj{A) of the homology classes A E H2{M; Z) for 
which the Gromov-Witten invariant A,g,m+2{C; ao, Uoo, Pi, - ■ ■ , Pm) 7^ for 
some homology classes • • • , Z?™ G iJ*(M ; Q) and C G if,(A4g^m+2; Q) and 
an integer m > I. We define 

GW(M, uj; ao, a^o) inf {GWg(A/, w; ao, ctoo) | 5 > 0} G [0, +00]. 

The positivity GWg(Af, lj; ao, aoo) > follows from the compactness of 
the space of J-holomorphic stable maps (cf. [F0| ILiT] [R | ISiej ) . Here we have 
used the convention inf = +00 below One easily checks that both GWg 
and GW satisfy the pseudo monotonicity and conformality in Definition 11.11 
As Professor Dusa McDuff suggested, one can consider closed symplectic man- 
ifolds only and replace the nontriviality condition in Definition 11.11 by 

c(2)(CP",(7„;pt,pi) = c(2)(CP^ X T^^'-'^ai (Biuo; Pt, [pt x T^"-^]) = tt; 

then both GWo and GW are pseudo symplectic capacities in view of and 
((23)1 below. The following result is the core of this paper. Its proof is given in 
§3 based on [LiuTj and the key Lemma [531 

Theorem 1.10 For any closed symplectic manifold {M, cu) of dimension dimM > 
4 and homology classes ao, aoc € H^{M; Q) \ {0} we have 

(15) cl,'^(A/,u;;ao,aoo) < GW(M, 
and 

(16) c|,'°^(Af,c^;ao,aoo) < GWo(M, 

Remark 1.11 By the reduction formula ((ST]) for Gromov-Witten invariants 
recalled in the appendix, 

*A,3,m+3([7r~+3(/^)];ao,aoc,,a,/3i, • • • ,/3m) 
= PD{a){A) ■ ^A,g,m+2{[K];aQ, aoc, Pi, ■ ■ ■ , Pm) 

for any a e H2n-2{M,Z) and [A'] e -ff*(ATg,m+2, Q). Here 2n = dimAf. It 
easily follows that GWg(Af, uo; ao, aoo) < +00 implies that GWg(Af, uj; ao, a), 
GW g{M,uj; a, aoo) and GWg(Af, uj; a, P) are finite for any a, /3 G H2n-2{M, 1) 
with PD{a){A) 7^ and PD{P){A) 7^ 0. In particular, it is easily proved that 
for any integer 5 > 

(17) GWg(M,uj;pt,PD(\uj])) ^ iTii{GW g{M,uj;pt,a)\a e H^{M,Q)} 
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Corollary 1.12 If GWg{M,uj;ao,aoo) < +00 for some integer g > then 
the (ao, ctoc)-Weinstein conjecture holds in {M,uj). 

Many results in this paper are based on the following special case of The- 
orem (TTTU] 

Theorem 1.13 For any closed symplectic manifold (Af, w) of dimension at 
least four and a nonzero homology class a G iJ, (Af;Q), 

&Hl{M,uj]pt,a) < GW{M,uj-pt,a) 

and 

dj^z^ (M, uj; pt, a) < GWo (M, cj; pt, a) . 

Definition 1.14 Given a nonnegative integer g, a closed symplectic manifold 
(M, w) is called g-symplectic uniruled if '^A,g,m+2{C;pt,a,(3i, ■ ■ ■ ,(3m) 7^ 
for some homology classes A E H2{M;'Z), a, (3i, ■ ■ ■ , f3„i £ H^,{M;Q) and 
C G H*{Mg^m+2',Q) and an integer m > 1. If C can be chosen as a point 
pt we say (M, uj) to be strong (7-symplectic uniruled. Moreover, {M, uj) 
is called symplectic uniruled (resp. strong symplectic uniruled) if it 
is (7-symplectic miiruled (resp. strong 5-symplectic miiruled) for some integer 
5>0. 

It was proved in ( [Koj ) and ([R]) that (projective algebraic) uniruled man- 
ifolds are strong 0-symplectic uniruled Q In Proposition 17.31 we shall prove 
that for a closed symplectic manifold (A/, w), if there exist homology classes 
A G H2{M\ Z) and G H^{M; Q), i ^ 1, ■ ■ ■ , k, such that the Gromov-Witten 
invariant 'i' A,g,k+i{pt',pt, Oi, • • • , a^) 7^ for some integer 5 > 0, then there 
exists a homology class B G H2{M;Z) with uj{B) < uj{A) and f3i G iJ,(Af; Q), 
i — 1,2, such that the Gromov-Witten invariant ^_B_o,3(pi;P^, /32) 7^ 0. 
Therefore, every strong symplectic uniruled manifold is strong 0-symplectic 
uniruled. Actually, we shall prove in Proposition 17.51 that the product of 
any closed symplectic manifold and a strong symplectic uniruled manifolds 
is strong symplectic uniruled. Moreover, the class of g-symplectic uniruled 
manifolds is closed under deformations of symplectic forms because Gromov- 
Witten invariants are symplectic deformation invariants. For a f;-symplectic 
uniruled manifold (Af, cj), i.e., GW g{M , ui; pt, PD{[uj])) < +00, the author ob- 
served in [Lu3] that if a hypersurface of contact type S in (Af, u) separates 
M into two parts and A/_, then there exist two classes PD{[uj])+ and 

^This is the only place in which we assume that our GW-invariants agree with the ones in [R] . 
In a future paper we shall use the method in |LiuT] and the techniques in [Lu8) to prove this fact. 
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PD{[lli])^ in H2n-2{M,M.) with cycle representatives supported in A/_|_ and 
A/_ respectively such that PD{[uj])+ + PD{[uj])^ = PDi[u;]) and that at least 
one of the numbers GW g {M, uj ; pt, PD{[u!])+) or GWg{M,uj]pt,PD{[u}])-) is 
finite. Theorem ll.f 31 (or p^l) ! implies that at least one of the following two 
statements holds: 

(18) ^HkM,Lo;pt,PD{[Lu])+)<GWg{M,Lo;pt,PD{[Lu])+)<+^ or 
dHliM,Lu;pt,PDi[u;])^)<GWgiM,uj;pt,PDi[cj])^)<+oo. 

On the other hand ^ shows that C^j^l{M,uj;pt,PD{[uj])+) and 
^-^(M)-) ^^^6 always positive. Consequently, S carries a non- 
trivial closed characteristic, i.e., the (pt,pt)-Weinstein conjecture holds in sym- 
plectic uniruled manifolds ( |Lu3| ). 

The Grassmannians and their products with any closed symplectic mani- 
fold are symplectic uniruled. For them we have 

Theorem 1.15 For the Grassmannian G{k,n) of k-planes in C" we denote 
by CT*-*^'"' the canonical symplectic form for which crC^'") (L^'^'")) = tt for the 
generator L'-''-"'^ of H2{G{k,n):Z) . Let the submanifolds X^*^^") w G(fc,7i- 1) 
and 

y(fe,«) of G{k,n) be given by {V G G{k, n) \ WqV — for all v £ V} 
and {V e G{k,n) \ vq G V} for some fixed Vo,Wo € C" \ {0} respectively. 
Their homology classes [X*^*^'"^] and [yC^''"'] are independent of the choices 
of Wo, Wo e C" \ {0} and deg[X('='")] = 2k{n - k - I) and deg[y(''''")] = 
2(fc- l)(n- fc). Then 

WG{G{k,n),a^^'''^)^cfziG{k,n),(T^^'''^;pt,a)=T: 

for a = [XC^''")] or a = [r^'^'")] with k<n~2. 

In particular, if fc = 1 and n > 3 then [y'^^")] = pt and {G{1, n), cr^^'"^) — 
(CP""^, cr„_i), where ct„_i the unique U(n)-invariant Kahler form on CP"^^ 
whose integral over the line CP^ C CP"^"'^ is equal to tt. In this case Theo- 
rem [TTT5] and Lemma \TM yield: 

c_f/z(CP""\cr„_i) CHz(CP""\cr„_i) 
^ ' :=cj,']j(CP"-\(T„_i;pt,pi) = ^- 

Hofer and Viterbo [HV2] firstly proved that chz{'CP^ ,an) — tt. Therefore, 
Theorem 11.151 can be viewed as a generalization of their result. If fc — 1, 
on one hand the volume estimate gives Wg (CP"^^, cr„_i) < tt, and on 
the other hand there exists an explicit symplectic embedding P^"^^(l) ^ 
(CP""\(T„_i), see pCil lHV2] . So we have Wg (CP""\ ct„_i) = tt. For 
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k > 2, however, the remarks below Theorem 11.351 show that the identity 

does not follow so easily. Karshon and Tolman 
[KaTol] independently computed yVG'(G(fc, n), cr'^'^'"^) in a different method. 

Theorem 1.16 For any closed symplectic manifold {M,uj), 

(20) C{M X G{k,n),uj ® {aa'^''^'''>);pt,[M] X a) < \a\Tr 

for any a G K\{0} and a = [X^^'"^ or a = [yC^^")] with k <n — 2. Moreover, 
for the product 

{W, n) = (G(fci, ni) X • • • X G{kr, Ur), (aia^*^!'"!)) © • • • ® (a^aC^'-"'-))) 
we have 

(21) C{W,^;pt,ai x • • • x a^) < (|ai| + • • • + |ar|)7r 

for any G K \ {0} and Ui = [X^^^'^'^] or [yC^'^"')], Furthermore, 

(22) WG(G(fci,7ii) X ••• X G{kr,nr),<7'^^''''''^ ® •••ea('=-"-)) = tt. 
For the projective space CP" = G(l, n+1) we have: 

Theorem 1.17 Let {M,uj) he a closed symplectic manifold and an the unique 
U(rt + l)-invariant Kdhler form on <CP" whose integral over the line <CP^ C 
CP" is equal to tt. Then 

(23) C(Af X CP",w© (acr„);pt, [M x pt]) = |o|7r 

for any a G K \ {0}. Moreover, for any r > and the standard ball B'^'^{r) of 
radius r and the cylinder Z'^^^{r) = B^{r) x M^"^^ in (M^",a;o), we have 

(24) C{M X B'^'\r),LU®ujQ) = C(Af x Z^'\r) , lu (S luq) = irr'^ 
for C = Chz, C"^Z' ^hz and c°fj^. 

Remark 1.18 Combining the arguments in [McSU ILulj one can prove a 
weaker version of (I24p for any weakly monotone noncompact geometrically 
bounded symplectic manifold {M,uj) and any r > 0, namely 

C°Hz{M X B'^'\r),LO®ujo) < C°hz[M x ^^"(r), wq) < Trr^. 

This generalization can be used to find periodic orbits of a charge subject to 
a magnetic field (cf. |Lu2j ). 

From Theorem 11.131 and Lemma 11.41 we obtain 
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Corollary 1.19 For any closed symplectic manifold (M, w) of dimension at 
least 4 we have 

CHziM,u) < GWiM,u;pt,pt), c°hz{M,uj) < GWo{M,Lu;pt,pt). 
Thus CHziMjUj) is finite if the Gromov-Witten invariant 

^A,g,7n+2{C;pt,pt,l3i, ■ ■ ■ , Pm) 

does not vanish for some homology classes A G H2{M;Z), /3i,...,(3m S 
H^{M;Q) and C G i?*(^s,m+2; Q) and integers g > and m > 0. Notice 
that GWQ{AI,uj;pt,pt) is needed here. For example, consider 

(M, Lu) = (CP^ X CF\ cTi ® CTi). 

The following Theorem ll.21l and its proof show that chz{M, uj) = c'^^{M, uj) — 
2tt and GWo(M, aj;pi,pt) = 2tt. However, one easily proves that 

Gy\lo{M,uj;pt,PD{[uj])) = GWo(M,w;pt, [pt x CP^]) 

= GWo(Af,w;pt, [CP^ y<pt])= n. 

So GWo(M, ti;;pi,pt) is necessary. 

Example 1.20 (i) For a smooth complete intersection {X,lu) of degree 
(di, • • • , 4) in CP"+'' with n = 2 ^(d^ - 1) - 1 or 3 - 1) - 3, we have 
c°Hz{X,u;) =C°Hz{X, cj)<+oo. 

(ii) For a rational algebraic manifold {X,lu), if there exists a surjective mor- 
phism TT : X ^ CP" such that ■7t\x\s is one to one for some subvariety S of 
X with codimc7r(5') > 2 then c'^^{X,uj) = C'^^{X,u!) is finite. 

(i) follows from the corollaries of Propositions 3 and 4 in |Bej and (ii) comes 
from Theorem 1.5 in [LiuTj • We conjecture that the conclusion also holds for 
the rationally connected manifolds introduced in [KoMiMo] . 

In some cases we can get better results. 

Theorem 1.21 For the standard symplectic form cr„; on CP"' as in Theo- 
rem and any G K \ {0}, i — 1, ■ ■ ■ , k, we have 

C(CP"i X ••• xCP"Saia„, ©•••®afea„J = (|ai| + --- + |afe|)7r. 

for C = chz and c^^- 

According to Example 12.5 of [McSalj 

WgCCP^ X • • • X CP\aicri ® • • • ® Ofecri) = min{|ai|, • • •, |afc|}7r 

for any flj G M\ {0}, i = 1, • • • , fc. This, Theorem [1.2 II and show that Chz, 
^HZ^ '^HZ and are different from the Gromov width Wg. 
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1.4 The Weinstein conjecture and periodic orbits near 
symplectic submanifolds 

1.4.1. Weinstein conjecture in cotangent bundles of uniruled mani- 
folds. By "Weinstein conjecture" we in tlie sequel mean the {pt, pt)-Weinstein 
conjecture, i.e.: Every separating liypersurface 5* of contact type in a symplec- 
tic manifold carries a closed characteristic. While in some of the previous works 
on the Weinstein conjecture, e.g. [HVlj . the assumption that S is separating 
was also imposed, Weinstein's original conjecture, |We2] . does not assume that 
S is separating. So far this conjecture has been proved for many symplectic 
manifolds, cf P [FH\n iRSdUl [H2l IHW [H\^ iLi^ 

IV5| and the recent nice survey |Gij for more references. In particular, for the 
Weinstein conjecture in cotangent bundles Hofcr and Viterbo |HV1| proved 
that if a connected hypersurface S of contact type in the cotangent bundle of 
a closed manifold N of dimension at least 2 is such that the bounded com- 
ponent of T*N \ S contains the zero section of T*N, then it carries a closed 
characteristic. In V5 it was proved that the Weinstein conjecture holds in 
cotangent bundles of simply connected closed manifolds. We shall prove 

Theorem 1.22 Let {M,uj) be a closed connected symplectic manifold of di- 
mension at least 4 and let L d M be a Lagrangian submanifold. Given a 
homology class qq G H^{L;Q) \ {0} we denote by ao G H^,(M;Q) the class 
induced by the inclusion L ^ M. Assume that the Gromov-Witten invari- 
ant "i/ A.g.m+i{C; ao, ai, ■ ■ ■ ^ arn) does not vanish for some homology classes 
A e H2{M;Z), e H^{M;Q) and C e H^{Mg^„i+i;Q) and inte- 

gers m > 1 and g > 0. Then for every c > 0, 

(2) 

C\jz{Uc, UJcan] ao,pt) < -\-00, 

and 

CffZ (^c,t^can;ao,pt) < -l-OO 

if g — and the inclusion L ^ M induces an injective homomorphism 
TTi{L) ^ 7ri(M). Here Uc = {(<?,«*) £ T*L \ {v*,v*) < c^} is with respect 
to a Riemannian metric (•,•) on T*L. Gonsequently, every hypersurface of 
contact type in {T*L,LUca,n) separating ao and pt carries a closed character- 
istic and a contractible one in the latter case. In particular, if (M, lu) is a 
g-symplectic uniruled manifold then for each c > 0, 

and 

(25) C^ziUc, UJcmi) = C°Hz{Uc,t^can) < +00 
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if g — and the inclusion L ^ M induces an injective homomorphism 
7ri(I/) ■ni{M). If{M,Lu) itself is strong symplectic uniruled then i25\) also 
holds for M d {T*M, cjcan)- 

Using a recent refinement by Macarini and Schlenk [MaSchlj of the ar- 
guments in [HZ2, Sections 4.1 and 4.2] we immediately derive: if L is a La- 
grangian submanifold in a g-symplectic uniruled manifold and 5* C (T*L, Wcan) 
a smooth compact connected orientable hypersurface without boundary, then 
for any thickening of S, 

^p-.IxS^Ud (r*L,C^ea„) 

^l{teI\ViSt)^^>} = ^iiI) and ti{t e i\V°{St) ^9} ^ 

if 5 = and the inclusion L ^ M induces an injective homomorphism 
TTi (L) — !■ TTi (il/) . Here denotes Lebesgue measure, / is an open neighborhood 
of in M, and 7^(S't) (resp. 'P°{St)) denotes the set of all (resp. contractible 
in U) closed characteristics on St = ipiS x {t}). 

Corollary 1.23 The Weinstein conjecture holds in the following manifolds: 

(i) symplectic uniruled manifolds of dimension at least 4; 

(ii) the cotangent bundle {T* L,LUca.n) of a closed Lagrangian submanifold L 

in a g-symplectic uniruled manifold of dimension at least 4; 

(iii) the product of a closed symplectic manifold and a strong symplectic unir- 
uled manifold; 

(iv) the cotangent bundles of strong symplectic uniruled manifolds. 

The result in (i) is actually not new. As observed in |Lu3| the Weinstein 
conjecture in symplectic uniruled manifolds can be derived from Theorem 
1.1 in fLiuT' . With the present arguments it may be derived from (jl8p and 
Corollary 11.121 (ii) is a direct consequence of Theorem 11.221 (iii) can be 
derived from (i) and Proposition l7.5l By (ii) and Proposition l7.5l the standard 
arguments give rise to (iv). 

1.4.2. Periodic orbits near symplectic submanifolds. The existence of 
periodic orbits of autonomous Hamiltonian systems near a closed symplectic 
submanifold has been studied by several authors, see [CiGiKel IGiGui [Ke] and 
the references there for details. Using Proposition 11.71 and suitably modifying 
the arguments in [Lu6| and [Bit] we get 
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Theorem 1.24 Let {M,uj) be any symplectic manifold and let N C M be a 
connected closed symplectic submanifold of codimension 2. Then for any e > 
there exists a smooth compact submanifold W <Z M with connected boundary 
and of codimension zero which is a neighborhood of N in M such that 

c°Hz{W,u:)=^C'kz{WM<e. 

Consequently, for any smooth compact connected orientable hypersurface S C 
W\ dW without boundary and any thickening tp: S x I ^ U d W it holds that 

^ii{teI\v°iSt)^9}) = ^liI). 

Here ii, I, St and V°{St) are as above Corollaru \1.2cl[ 

The first conclusion will be proved in §5, and the second follows from 
the first one and the refinement of the Hofer-Zehnder theorem by Macarini 
and Schlenk [MaSchl| mentioned above. The second conclusion in Theo- 
rem 11.241 implies: For any smooth proper function H : W ^ M. the levels 
H ~ e carry contractible in U periodic orbits for almost all e > for which 
{H = e} C Int(M^). Using Floer homology and symplectic homology, results 
similar to Theorem 11.241 were obtained in [CiGiKei IGiGu] for some closed 
symplectic submanifolds of positive codimension in geometrically bounded, 
symplectically aspherical manifolds. Recall that a symplectic manifold (M, lo) 
is said to be symplectically aspherical if u;|^2(m) = and ci(TM)|^2(m) = 0- 
It seems possible that our method can be generalized to any closed symplectic 
submanifold of codimension more than 2. 

1.5 Nonsqueezing theorems 

We first give a general nonsqueezing theorem and then discuss some corollaries 
and relations to the various previously found nonsqueezing theorems. 

Definition 1.25 For a symplectic manifold (M, we define r(M, uj) G [0, +cx)] 

by 

T{M,oj) ^miC'il{M,Lo-pt,a), 

a 

where a £ H^.{M ; Q) runs over all nonzero homology classes of degree dega < 
dimM - 1. 

By (IT2|) . for any connected symplectic manifold (Af, w) we have 
(26) >Vg(M,w) < r(M,w). 
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However, it is difficult to determine or estimate T{M,lu). In some cases one 
can replace it by another number. 

Definition 1.26 For a closed connected symplectic manifold {M,uj) of di- 
mension at least 4 we define GW(Af, oj) e (0, +oo] by 

GW(Af,w) = MGMVg{M,uj]pt,a) 

where the infimum is taken over all nonnegative integers g and all homology 
classes a € H^{M; Q) \ {0} of degree dega < dimM — 1. 

By (HZl) we have GW(M,tj) = ini g GW g (M, u ; pt, PD{[u;])). Note that 
GW(M, (jj) is finite if and only if (M, uj) is a symplectic uniruled manifold. 
From Theorem 11.131 and (|26p we get 

Theorem 1.27 For any symplectic uniruled manifold {M,lu) of dimension at 
least 4 we have 

WGiM,uj) < GW(M,cj). 

Actually, for a uniruled manifold (M, w), i.e., a Kahler manifold covered 
by rational curves, the arguments in [Ko[ [R] show that GW(Af, w) < uj{A), 
where A = [C] is the class of a rational curve C through a generic xq G M 
and such that lo is minimal. 

Remark 1.28 Denote by {W^Vl) the product 

(CF"i X • • • X CP"" , aia„, ® • • • ® a^a™, ) 

in Theorem ll.211 It follows from Theorem 11.131 and the proof of Theorem 11.171 
that 

GW(I^,17) <min{|ai|,---,|afc|K 

By p6)) and definition of r(VK, fi), for any small e > there exists a class 
€ H^(W,Q) of degree deg(ac) < dimW^ — 1 such that 

WG{W,n) < C^j^l{W,n;pt,a,) < mm{\ai\, - ■ ■ ,\ak\}n + e. 

But Theorem 11.211 shows that 

CHz{W,n)=CHz{W,n) = (|ai| + --- + |afc|)7r. 

Therefore, if A: > 1 and e > is small enough then 

WG{w,n) < d^l{w,n;pt,a,) < CHziw,n). 
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This shows that our pseudo symplectic capacity C^^{W,V,]pt,ae) can give a 
better upper bound for WciWjft) than the symplectic capacities CHz{W,il) 
and CHz{W,n). 

RecaU that Gromov's famous nonsqueezing theorem states that if there 
exists a symplectic embedding B^'^{r) ^ Z^"{R), then r < R. Gromov 
proved it by using J-holomorphic curves, [GrJ. Later on, proofs were given by 
Hofer and Zehnder based on the calculus of variation and by Viterbo using 
generating functions, |V3| . As a direct consequence of Theorem 11.51 and (I24p 
we get 

Corollary 1.29 For any closed symplectic manifold {M,uj) of dimension 2m, 
if there exists a symplectic embedding 

B2'"+2"(r) ^ {M X Z2"(i?),cjetjo), 

then r < R. 

Actually, Lalonde and McDuff proved Corollary 11.291 for any symplectic 
manifold {M, uj) in [LaMcl] . Moreover, one can derive from it the foundational 
energy-capacity inequality in Hofer geometry (cf. [LaMcli ILa2) and |McSali 
Ex. 12.21]). From (|24p one can also derive the following version of the non- 
squeezing theorem which was listed below Corollary 5.8 of [LaMc2,II] and 
which can be used to prove that the group of Hamiltonian diffeomorphisms 
of some compact symplectic manifolds have infinite diameter with respect to 
Hofer's metric. 

Corollary 1.30 Let {M,uj) and {N,a) be closed symplectic manifolds of di- 
mensions 2m and 2n respectively. If there exists a symplectic embedding 

M X B^"+'^P{r) ^ {M X N X B^P{R),uj ® a ® 4^^) 

or a symplectic embedding 

M X B2"+2p(r) ^ X R2" X B^P{R), UJ ® ® 4^^). 

then r < R. Here uj^^^^ denotes the standard symplectic structure on R^"*. 

The second statement can be reduced to the first one. From Theorem ll.161 
we get 

Corollary 1.31 For any closed symplectic manifold {M,uj) of dimension 2m, 
Wg (m X G'(fc,n),w© (oCT^'^'"))) < |a|7r. 
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The study of Hofer geometry requires various nonsqueezing theorems. Let 
us recall the notion of quasicylinder introduced by Lalonde and McDuff in 
|LaMc2j . 

Definition 1.32 For a closed symplectic manifold {M,uj) and a set D diffeo- 
morphic to a closed disk in (R^,a;o = ds A dt), the manifold Q = (Af x D, fl) 
endowed with the symplectic form O is called a quasicylinder if 

(i) il restricts to uj on each fibre M x {pt}; 

(ii) n is the product u; x ujq near the boundary dQ = M x dD. 

If r2 = a; X cjo on Q, the quasicylinder is called split. The area of a quasi- 
cylinder (A/ X D, Vl) is defined as the number A = A(Af x Z?, f2) such that 

Vol(A/ X D, 17) = A • Vol(A/, w). 

As proved in Lemma 2.4 of [LaMc2| . the area A(Af x D,fl) is equal to 

/{.}xD^fo^ a ny M. 

Following |McSlj we replace Q in Definition 11.321 by the obvious 
5^-compactification {M x S^,il). Here fl restricts to lu on each fibre. It 
is clear that n{A) = A(Q, D,) for A^[ptx S^] G H2{M x S^). But it is proved 
in Lemma 2.7 of |LaMc2j that can be symplectically deformed to a product 
symplectic form w © cr. Therefore, it follows from the deformation invariance 
of Gromov-Witten invariants that 

^'A,o,3(pi;pi, [M X pt], [M X pt]) 7^ 0. 

By Theorem 1 1 . 1 31 we get 

C{M X S^,n;pt, [M X pt]) < n{A) = A(Q, n). 

As in the proof of Theorem 11.171 we can derive from this 

Theorem 1.33 (Area-capacity inequality) For any quasicylinder {Q,il) 

Area-capacity inequalities for Wq, chz and have been studied in 
[FHVllHV2llLaMclllLull[McSl] . As in |LaMc2llMcSl) we can use Theorem[03] 
and Lemma 11.41 to deduce the main result in [McSlj : For an autonomous 
Hamiltonian H: M M. on a closed symplectic manifold {M, w) of dimension 
at least 4, if its flow has no nonconstant contractible fast periodic solution 
then the path 0^[o i] Ham(Af, w) is length- minimizing among all paths 
homotopic with fixed endpoints. 

From Theorem 11.331 and ([5]) we obtain the following non-squeezing theorem 
for quasi-cylinders. 
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Corollary 1.34 For any quasicylinder {M x D, fl) of dimension 2m + 2, 

Wg {M X D,n) < A(M X D,n). 

Our results also lead to the nonsqueezing theorem Proposition 3.27 in [Mc2| 
for Hamiltonian fibrations P ^ S^. 

1.6 Symplectic packings and Seshadri constants 

1.6.1. Symplectic packings. Suppose that B^^{r) = {z e M^" | \z\ < r} 
is endowed with the standard symplectic structure c^o of M^" . For an integer 
A; > 0, a symplectic fc- packing of a 2n-dimensional symplectic manifold 
(M, w) via i3^"(r) is a set of symplectic embeddings {v5i}i=i of (i?^"'(r), wq) 
into {M,uj) such that Imipi n Imcpj = for i ^ j. If Vol(M, w) is finite and 
Int(M) C Ulmifi, then {M,uj) is said to have a full symplectic fc-packing. 
Symplectic packing problems were studied for the first time by Gromov in [Grj 
and later by McDuff and Polterovich [McPo| , Karshon (Kaj , Traynor , Xu 
[Xu| . Biran [BilllBi2| and Kruglikov [Kru| . As before, let (t„ denote the unique 
U(n + l)-invariant Kahler form on CP" whose integral over CP^ is equal to 
TT. For every positive integer p, a full symplectic p"-packing of (CP", an) was 
explicitly constructed by McDuff and Polterovich [McPoj and Traynor . A 
direct geometric construction of a full symplectic n + 1-packing of (CP", (t„) 
was given by Yael Karshon, [Ka| . By generalizing the arguments in [Kaj we 
shall obtain 

Theorem 1.35 Let the Grassmannian {G{k, n), cr'^'^'")) be as in Theorem \1.15\ 
Then for every integer I < k < n there exists a symplectic [n/k]-packing of 
(G(fc, rt), cr'^'^'"^) by _B2fe(n-fc) (i)^ Here [n/k] denotes the largest integer less 
than or equal to n/k. 

This result shows that the Fefferman invariant of {G{k,n),a'^^'^^) is at 
least [n/k]. Recall that the Fefferman invariant F{M,uj) of a 2n-dimensional 
symplectic manifold (A/, oj) is defined as the largest integer k for which there 
exists a symplectic packing by k open unit balls. Moreover, at the end of §6 
we shall prove 

(27) V„,(G(., „), ^ ■ '""-"^ 

Note that Vo1(B2'=("-'=)(1),wo) ti^^"-^^ / {k{n - k))\. One easily sees that 
the symplectic packings in Theorem 11.351 is not full in general. On the other 
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hand a full packing of each of the Grassmannians Gr'^{2,M.^) and Gr+(2,M^) 
by two equal symplectic balls was constructed in [KaTo2] . 
1.6.2. Seshadri constants. Our previous results can also be used to estimate 
Seshadri constants, which are interesting invariants in algebraic geometry. Re- 
call that for a compact complex manifold (M , J) of complex dimension n and 
an ample line bundle L M, the Seshadri constant of L at a point x E M 
is defined as the nonncgative real number 



(28) e{L,x) inf 



CBx multajC 

where the infimum is taken over all irreducible holomorphic curves C passing 
through the point x, and multa;C is the multiplicity of C at x ( |De| l. The 
global Seshadri constant is defined by 

e(L) :— inf e(L, x). 

xeM 

Seshadri's criterion for ampleness says that L is ample if and only if e(L) > 0. 
The cohomology class ci{L) can be represented by a J-compatible Kahler 
form ujl (the curvature form for a suitable metric connection on L). Denote 
by = Im^l — "-!Vol(Af, wl). Then e{L,x) has the elementary upper 
bound 

(29) e{L,x) < -Syi". 

Biran and Cieliebak |BiCi| Prop. 6.2.1] gave a better upper bound, i.e. 

e(i) < >Vg(M,c^l). 



However, it is difficult to estimate yVaiMjUL). Together with Theorem 11.271 
we get 

Theorem 1.36 For a closed connected complex manifold of complex dimen- 
sion at least 2, 

e{L) < GW{M,ujl). 

Remark 1.37 By Definition HTM if GW{M,lul) is finite then (M,wl) is 
symplectic uniruled. So Theorem 11.361 has only actual sense for uniruled 
(M, J). In this case our upper bound GW(M, wl) is better than \/T/^ in 
((29)) . As an example, let us consider the hyperplane [H] in CP". It is am- 
ple, and the Fubini-Study form wps with J^pi c^pg = 1 is a Kahler repre- 
sentative of ci{[H]). Let pi and p2 denote the projections of the product 
CP" X CP" to the first and second factors. For an integer to > 1 the line 
bundle pI[H] + p^im[H]) CP" x CP" is ample and ci{pl[H] + p^{m[H])) 
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has a Kahler form representative lufs^B^^fs- From the proof of Theorem I 1.161 
it easily follows that 



GW(CP" X CP",WFS ® mujFs) < 1- 



(In fact, equality holds.) But a direct computation gives 



2; 



{pm]+P*2im[H])) 




CP"xCP' 



(wFsffi'TlWFs) 



2n 



) 



2; 



2; 




> 1. 



From the above arguments and the subsequent proofs the reader can see 
that some of our results are probably not optimal. In fact, it is very possible 
that using our methods one can obtain better results in some cases f jLu7j and 
[Lu9| ) . We content ourselves with illustrating the new ideas and methods. 

The paper is organized as follows. In Section 2 we give the proofs of 
Lemma fL^ Theorems 1 1 . 5 [ [TTSl and Proposition ! 1.71 The proof of Thcorcm l 1.101 
is given in Section 3. In Section 4 we prove Thcorcms ll.l5l[T.16[|1.17l and ll.21l 
In Section 5 we prove Theorems ll.22[ [1.241 Theorem [135] is proved in Section 
6. In the Appendix we discuss some related results on the Gromov-Witten 
invariants of product manifolds. 
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2 Proofs of Lemma II. 4L Theorems 11.51 11.81 and 
Proposition 11.71 



We first give two lemmas. They are key to our proofs in this section the next 
one. According to Lemma 4.4 on page 107 and Exercise 9 on page 108 of [Hi] 
we have: 

Lemma 2.1 If N is a connected smooth manifold and W C Int[N) a compact 
smooth submanifold with connected boundary and of codimension zero, then 
dW separates N in the sense that Int{N) \ dW has exactly two connected 
components and the topological boundary of each component is dW . In this 
case dW has a neighborhood in N which is a product dW x (—2, 2) with dW 
corresponding to dW x {0}. // W is only contained in N then dW has a 
neighborhood in W which is a product dW x (—2, 0]. 

From Lemma 12.27 in [McSal] we easily derive 

Lemma 2.2 Given a Riemannian metric g on M , there exists p — p{g, M) > 
such that for every smooth function H on M with 

sup \\\Ig\IgH{x)\\g < P 

the Hamiltonian equation x ~ Xh{x) has no nonconstant fast periodic so- 
lutions. In particular, the conclusion holds if \\H\\q2 < p. Here Vg is the 
Levi-Civita connection of g and norms are taken with respect to g. 

From Darboux's theorem we obtain 

Lemma 2.3 Let{M,uj) be a 2n- dimensional symplectic manifold, andB^"{r) 
= {z G M^" : \z\ < r} with r > 0. Then for any zq G Int(Af) and any small 
£ > there exist r > 0, a symplectic embedding ip : (_B^"(2r), o^q) ^ (M,u) 
with (/5(0) = Zq fl^c^ o, smooth function H!f^ : M ^ R such that: 

(i) H^^ = outside Int(^(B2"(2r)), and H^^ ^ e on ipiB^'^ir)). 

(ii) H!f^ is constant h{s) along ip{{\z\ = s}) for any s G [0, 2r], where 

h : [0, 2r] —f [0, e] is a nonnegative smooth function which is strictly de- 
creasing on [r, 2r]. Consequently, H!f^{(p{z)) > IIf^(}p{z')) if r < \z\ < 
\z'\ 5: 2r, and Hf^ has no critical values in (0,e). 

(iii) X =^ Xff^^(x) has no nonconstant fast periodic solutions. 
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Proof of Lemma 1.4. Case (i). We only need to prove that 

CHziM,uj;pt,pt) > CHziM,uj). 
To this end it sufhces to construct for any H e Ti.ad{M,uj) an 

such that maxF > maxiJ. By the definition there exist a nonempty open 
subset U and a compact subset K C M \ DM such that: (a) H\u = and 
H\m\k = maxiJ, (b) < iJ < max_ff, (c) x = Xh{x) has no nonconstant 
fast periodic solutions. These imply that U C Int{K). By the illustrations 
below the definition of chz in §1-2 we may assume that M \ K ^ %. Then 
both U and M\K are nonempty open sets because M is a closed manifold. 
For a given small £ > we may take symplectic embeddings and -0 from 
(B2"(2r),wo) to (M,w) such that 

ip{B^"'{2r)) C U and ?A(B2"(2r)) C M \ K. 

Let iJ^^ and be the corresponding functions as in Lemma Since H^j!^ 
(resp. Hf^) is equal to zero outside Lp{B'^^{2r)) (resp. -0(i?^"(2r))) wc can 
define a smooth function iJ: A/ ^ R by 

( maxi/ + iJ^^(x) if a; G \ if , 
H{x) = I H{x) if xcK\U, 

\ -~Hl^{x) if a; € t/. 

Define F = H + e. Then maxF = maxiJ + 2e > maxH, minF = and 
X = Xp{x) has no nonconstant fast periodic orbits in M. 

Since M is a closed manifold, M\Int(V'(-B^"(r))) is a compact submanifold 
with boundary ■(/'(^^^"(r)). It follows that F G HadiM, uj;pt,pt) with P{F) = 
(p{B'^-^{r)) and Q{F) = M \ lnt{i(;{B'^"'{r))). The desired result follows. 

Going through the above proof we see that ii H G 'H°^{M,u}), i.e., x = 
Xh(x) has no nonconstant contractible fast periodic solutions, then F g 
n°j^{M,uj;pt,pt). This implies that C°hz{M,uj) = c°hz{M,uj). 
Case (ii). The arguments are similar. We only point out different points. Let 
Fl G TiadiM, uj). For a compact subset K{H) C M\dM we find by assumption 
a compact submanifold W with connected boundary and of codimension zero 
such that K{H) C W . Since K{H) is compact and disjoint from dM we can 
assume that K{H) is also disjoint from dW . By Lemma [2.11 we can choose 
embeddings 

[-5,0] -xdW ^ M 
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such that $({0} x dW) = dW and that 



$([-5, 0] X dW) c W and K{H) n $([-5, 0] x dW) = 0. 
For each i G [^5,0] the set 



is a compact submanifold of M which is difFcomorphic to W . By shrinking 
e > in Case (i) if necessary, one easily constructs a smooth function : 
M R such that 

(a) = in Int(Vl^_4) and = e outside W^i; 

(b) < He < e and each c £ (0, e) is a regular value of He; 

(c) He is constant /(s) along $({s} x dW) for any s E [—5,0], where / : 

[—5,0] — > [0,e] is a nonnegative smooth function which is strictly in- 
creasing in [—4, —1]. 

(d) X — Xh^{x) has no nonconstant fast periodic solutions. 

Let H!f^ be as in Case (i). We can define a smooth function H : M ^ M. hy 



and set F = H + e. Then maxF > max_ff, mini^ ~ and x = Xf{x) 
has no nonconstant fast periodic solutions. As in Case (i) one checks that 
F e nad{M,u;pt,pt) with F{F) = (^(^^"(r)) and Q{F) = M\ Int(M^_i). 
So we have maxiJ < maxF < Chz{M,uj) for any H E T-Cad{M,uj), and thus 
chz{M,u}) < Chz{M,uj). As above we get that Chz{M,uo) = chz{M,uu) 



Proof of Theorem EH (i) We take 7J € HQrf(M, w; ao, aoo)- Let F ^ F{H) 
and Q ~ Q{H) be the corresponding submanifolds in Definition 11.21 and ao, 
aoo the chain representatives. Define G — —H + ma.xH. Then < G < 
maxG = maxiZ, G|p = maxG, G\M\int{Q) = ^-^d Xq = —Xh- Therefore, 
G E Had{M,uj;aoo,Q:o), and (i) follows. 

(ii) is a special case of (v), and (iv) and (vi) are clear. 

For (iii), note that and Z^"(l) are contractible. One can slightly 

modify the proofs of Lemma 3 and Theorem 2 in Chapter 3 of |HZ2| to show 
that Gj^]j(B2"(l),tjo;ao,aoo) > tt and g]^2^(Z2"(1), t^o; ao, "oo) < tt. Then 



Wt := ly \ $((i,0] X dW) 




□ 
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(iii) follows from (v) and definitions: 




< 



TT. 



For (v) we only prove the first claim. The second claim then follows to- 
gether with the argument in |Lulj . For H e 7iad(Afi,i^i; ao, "oo) let the 
submanifolds Pi and Qi of (Afi,wi) be as in Definition 11.21 Set P2 — iIj{Pi) 
and Q2 = V'(Qi), and define ^^i?) G C°°(M2,M) by 



It is clear that G 7iad(Af2, ^^2; "0* (ao), "0* (ctco)), and so (v) follows. 

To prove (vii) we only need to show that 7iarf(M, w; ag, aoo) is nonempty 
imder the assumptions there. Without loss of generality let ao be represented 
by a compact connected submanifold S C IntAf without boundary. Since 
dim ao + dim aoo < dim M — 1 it follows from intersection theory that there 
is a cycle representative fioo of Uoo such that S aoo — 0. 

Choose a Riemannian metric g on M. For e > let A/'e be the closed e-ball 
bundle in the normal bundle along S', and let exp: AC — > M be the exponential 
map. For e > small enough, P = = exp(A/'c) and Q — 82^ = exp(A/'2e) 
are smooth compact submanifolds of M of codimension zero, and 82^ is still 
disjoint from OLryo- Since dimS* = dimao < dimAf — 2, both P and Q have 
connected boundary. 

Take a smooth function f:R^M. such that f{t) = for i < e^, f{t) — 1 for 
t > Ae^ and f'{t) > for <t < Ae^. We define a smooth function F:M^R 
by F{x) ^ for X e P, F{x) ^ 1 for x e M \ Q and F{x) ^ fi\\v^\\l) for 
X = {sx,Vx) (z S2£- In view of Lemma 12.21 above, for S > sufficiently small 
the function Fg — 5F belongs to Had{M, oj; ao, aoo)- ^ 

Proof of Proposition [TTTI Note that every function H in 'Had{W,uj; ao,pt) 
can be viewed as one in TLad{M, w; ao, aoo) in a natural way, and so ^ follows. 

If the inclusion W ^ M induces an injective homomorphism t:i(W) — > 
7ri(Af) then each function H in Ti.°j^{W,uj;aQ,pt) can be viewed as one in 
H°rf(A^,w;ao,aoo). Therefore we get 

To prove pU)) let us take a function H g Had{M \W,uj; aoo, pt). Suppose 
that P{H) C Q{H) C Int(Af \ W) are submanifolds associated with H. Then 
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H = max H on (M \ W) \ Q. Therefore we can extend to M by setting H = 
max if on W. We denote this extension by H. Since we have assumed that 
ao has a cycle representative whose support is contained in Int(VF) C M\Q, 
H belongs to TLad(M, LLi;aoo,ao)- 

If H e Ul^{M \W,uj; a^,pt) and the inclusion Af \ T4^ ^ M induces an 
injectivc homomorphism 7ri(Af \ W) 7ri(Af) then the above H belongs to 
'H°rf(M,cj;aoo,ao)- This implies (HH). 

("2") 

For (fT2)) we only need to prove that Wg{M,u}) < C\j^{M,u}]pt,a) since 
C^^\{M,Lj]pt,a) < c'^j^'^ {M,u!;pt,a). For any given symplectic embedding 
ip: {B'^^\r),ujQ) — > (Int(Af), and sufficiently small e > we can choose 
a representative of a with support in M \ ip{B'^"'(r — e)) because dima < 
dim Af - 1. By (O and ^ we have 

TT{r-ef ^WGWB'''{r-e)),u;) < CHzWB'"{r~e)),u;) < C^^l{M,u-pt,a). 

With e ^ we arrive at the desired conclusion. □ 

Proof of Theorem II. 8i To prove let W and ao,aoo satisfy the as- 
sumptions in Theorem If .81 For H e l-Lad{W,uj;aQ,pt) and G G Had{M \ 
W,uj;aao,pt) let Pi C Int(Qi) C Qi C Int(H^) and P2 C Int(g2) C Q2 C 
Af \ be corresponding submanifolds as in Definition If .21 Then H\p-^ = 0, 
^lw\int(Qi) = maxiJ and G\p^ = 0, G|(M\w)\int(Q2) = maxG. Define 
K:M ^m. by 



K{x) = 




ifxeW, 
+ max G - G{x), if x e M \ W. 



This is a smooth function and belongs to HadiM, u; ao, aoo) with P{K) = Pi 
and Q{K) = M \ Int(P2)- But maxK = maxiJ + maxG. This leads to (IH)) . 
□ 

The following corollary of Theorem lf .81 will be useful later on. 

Corollary 2.4 Under the assumptions of Theorem ] 1.81 let {N,a) be another 
closed connected symplectic manifold and [3 G H^{N; Q) \ {0}. Then 

CPziN X W,a ® uj; p X ao, pt) + G^j^liN X {M \W), a O uj; P x Aoo, pt) 

< G^^(iV X M, 

and 

G'i^°J (N xW,a®uj;Px ao, pt) + g'^h°J (N x (M \W),a (B uj; P x aoo, pt) 

< c'h°J{N xM,a®uj;Px ao,Px aoo) 
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if both inclusions W > M and M \ W M also induce an injective homo- 
morphisms ni{W) ni{M) and ni{M \W) ^ ni{M). 



3 The proof of Theorem [TTO] 

We wish to reduce the proof of this theorem to the arguments in |LiuTj . 
Liu-Tian's approach is to introduce the Morse theoretical version of Gromov- 
Witten invariants. In their work the paper [FHS] plays an important role. To 
show how the arguments in [LiuTj apply to our case we need to recall some 
related material from [FHSj . 

Consider the vector space S — {S £ R2nx2n | gT _ ^j? gynimetric 
(2n X 2n)-matrices. It has an important subset iS^J^ consisting of all matrices 
S € S such that for any four real numbers a, b, a, (3 the system of equations 



(30) 



{SJq - JqS - ahn - bJo)C = 

{SJq ~ JqS ~ ahn - bJa)SC - aC - PJoC = 



has no nonzero solution C, G ][j2rix2n^ where /„ denotes the identity matrix in 
R"^" and 

It has been proved in Theorem 6.1 of |FHS| that for rt > 2 the set 5^^^ is open 
and dense in S and r-J^S"* e S^^^ for any S £ S^^^, any $ e GL{n, C)nO(2n) 
and any real number r ^ 0. In view of Definition 7.1 in [ FHSj and the 
arguments in ^McSl] we introduce 

Definition 3.1 A nondegenerate critical point p of a smooth function H on 
a symplectic manifold (M, ui) is called strong admissible if it satisfies the 
following two conditions: 

(i) the spectrum of the linear transformation DXh{p) ■ TpM TpM is 

contained in C \ {Ai | 27r < ±A < +00} ; 

(ii) there exists Jp e J{TpM,ujp) such that for some (and hence every) uni- 

tary frame $:R^" TpM (i.e. $Jo = Jp$ and <i>*Wp = wq) we have 

S - Jo$-^i?XH(p)$ e 5"^:^. 

Definition 3.2 An (ao, aoo)-admissible (resp. (ao, Q!oo)°-admissible) function 
H in Definition ! 1.2l is said to be (ao, Q!oo)-strong admissible (resp. (ao, aoo)°- 
strong admissible) if instead of condition (5) it satisfies the stronger condi- 
tion 
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(5') H has only finitely many critical points in Int(Q) \ P, and each of them 
is strong admissible in the sense of Definition 13.11 

Let us respectively denote by 

(31) T-Lsad{M,uj\ao,aoa) and 7^°^^(A/, cj; ao, aoo) 

the set of (ao, aoo)-strong admissible and (aoj «oo) "-strong admissible func- 
tions. They are subsets of 7iQ(i(M, w; ctoo) and T-L°^^(M,uj;aQ,aoo) respec- 
tively. The following lemma is key to our proof. 

Lemma 3.3 //dim M > 4, then HsadiM, ao, aoo) {resp. w; ao, "oo)) 

is C'^ -dense in li, ad{M,uj]aQ, a oo) {resp. T-l°^{M,uj;ao,aoo))- 

Proof. Let F £ HadiM^iv; a^, aoo) (resp. H°^(M, w; ao, aoo))- We shall 
prove that for any small e > there exists a G S TCsad{M,(jj;ao,aoo) (resp. 
^sa<i(^^''^;o;o,Q;oo)) such that 

(32) max F > max G > max F — e. 

Our proof is inspired by the proof of Proposition 3.1 in |Schl| . 

Let Cf (resp. cp) be the largest (resp. smallest) critical value of F in 
(0,maxP). If there are no such critical values, there is nothing to show. If 
cp = Cp, then it is the only critical value of F in (0,max_F), and this case 
can easily be proved by the following method. So we now assume cp < Cp. 
Then by Definition 11.2( 5) we have 

Q < Cp < Cp < maxF. 

Let C{F) be the set of critical values of F. It is compact and has zero Lebesgue 
measure, so that for small e > we can choose regular values of P, 

6o < a'l < fo'i < • • • < afc_i < < 4, 

such that: 

(i) < 6o < c_F and Cp < a'^ < maxF. 

(ii) [a',,b'^c[cp,Cp]\C{F),i^l,---,k~l. 

(iii) Y.'i^iiK ~ a^) + &o + maxF - a'f. > maxF - e. 
Furthermore we may also take regular values of F, 

6o < ai < 6i < • • • < Qk-i < bk-i < ak, 
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such that 



60 < b'o, ak > a'k, a'i < tti < hi < b'l, i = 1, - ■ ■ ,k — 1, 



fc-i 



— tti) + 60 + maxF — Ofc > m&xF — 2e. 



Consider the piecewise-Unear function /: ] 

t 

bo 

t- ai+bo 

61 - ai + bo 
t - 02 + {bi - ai) + bo 



t - Ofe_i + J2i^i{bi - ai) + bo for Uk-i <t < bk-i, 



fit) = 



for t < bo, 
for bo <t < ai, 
for ai <t < bi, 
for 61 <t<a2, 
for a2 <t < 62, 
for • • • , 



i - Ofe + T,i=i {bi -ai) + bo 
Then min{/(t) 1 1 e [0,niaxF]} = and 



for bk-i <t<ak, 
for t > ak- 



fe-i 



niax{/(f) 1 1 G [0, maxf ]} = maxi^ — ak + ^(^'i — Oj) + &o > maxF — 2e. 

Note that bo < ai < bi < ■ ■ ■ < ak-i < bk-i < ak are all nonsmooth points 
of / in (0,niaxF). By suitably smoothing / near these points we can get a 
smooth function /i: M — > R satisfying: 

{h)i < h'{t) < 1 for i G M; 

ih)2 < h'{t) < 1 for t G [0,b'o) U «,maxF] U (U^i K,&i)); 
{hh h{t)^ fit) forte uto'W^,a[+^]; 
{h)i h{t) — f{t) near t = and t = maxF. 

Set H = ho F. Then (/i)i and {h)4 imply that H G Tlad{M, co; ao, aoo) and 
(33) maxiJ = /i(maxF) = maxF — + ^^(J^i — Oi) + 60 > maxF — 2e. 
Furthermore, one easily checks that 

{H)i The critical values of -ff in (0,maxil) are exactly 60 , J2i=i{bi — ai)+bo, 
j = l,---,k-l; 

{H)2 The corresponding critical sets are respectively {b'o < F < a'^} and 
{&; <i^<a;.+J, j = !,•••, fc-1; 
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{H)3 H^bo on {b'a<F< a[}; 

{H)i H = J:Llib^ - ci^) + bo on {b^ <F< a^+J, j = !,■■■, k-l. 

For each < s < ^ minja-^^ — 6-, 6 - — a-, 6q, maxF — a'j, | < « < /c — 1} we set 

k-l 

Since the set of regular values of F is open, both Nq and Ng with sufficiently 
small s > are compact smooth submanifolds with boundary. For any open 
neighborhood O of iVo we have also A^s C O if s > is small enough. By {H)^ 
and {H)4, V gV gH = on A^o and thus we can choose 

< (5 < i min{a-_,_i - 6-, 5- - a-, fog, max F - a'i,\Q < i < k - I) 
so small that 

sup \\ygygH{x)\\g<p/2. 

xeN25 

Here p is given by Lemma [2?2l Let us take a smooth function L: AI ^ M. such 
that 

(L)i supp(L) c Ns; 

(L)2 ||i||c2 < p/2 (and thus sup^^^^^ || VgVg(i/ + < p); 

(L)3 - 2(5) < (x) + ^(x) < /i(a^+i + 2(5) for a; G {6^ - (5 < F < a[^^ + 6}, 
i^Q,---,k-l; 

(L)4 H + L has only finitely many critical points in Ns and each of them is 
strong admissible. 

The condition {L)4 can be assured by Lemma 7.2 (i) in [FHS]. To see that {L)^ 
can be satisfied, note that {h)i implies that — S) < H{x) < h{a[j^i + 5) 
as 6- — (5 < F{x) < a-_,_^ + S. By the choice of S we have 69 — 25 > 0, 
ajj + 2i5 < max F and 

4 + S,a', + 26, b\ - 2d, b'^-Se {a'^b'^), i = !,■■■, k-l. 

It follows from {h)2 that for i = 0, ■ ■ ■ , k — 1, 

(34) hib', - 26) < h{b', -5)< h{b',) < h{a[^,) < h{a[^^ + 5) < h{a[^^ + 25). 

Using these and (L)2 we can easily choose L satisfying {L)^. Set G = H + L. 
Then P{G) = P{H), Q{G) = Q{H) and 

(35) maxG = max_ff and min G = mini? = 0. 
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Now we are in position to prove 



G G T-Lsad{M,uj]ao,aoo) (resp. 7Y°^rf(M, w; ao, aoo))- 

Firstly, the above construction shows that aU critical values of G in (0, max G) 
sit in 

U(M6'.-2<5),/iK+i + 2,5)) 

and the corresponding critical points sit in Ns- It follows that G has only 
finitely many critical points in Int(Q)\P and each of them is strong admissible. 

Next we prove that Xq has no nonconstant fast periodic orbits. Assume 
that 7 is such an orbit. It cannot completely sit m. M\Ns because G = H in 
M \ Ns- Moreover, Lemma [2.21 and {L)2 imply that 7 cannot completely sit 
in N2S. So there must exist two points 7(ti) and 7(t2) such that 7(ti) G dNs 
and 7(t2) G dN2S- Note that all possible values G takes on dNs (resp. dN2s) 
are 

h[b[-5),h{a',+^+5),i = 0,---,k-l. 
(resp. h{b[ - 25), h{a[^^ + 2,5), i = 0, • • • , fc - 1.) 

By ([M)) any two of them arc different. But G(7(ti)) = G(7(t2)). This contra- 
diction shows that Xq has no nonconstant fast periodic orbit. Clearly, this 
argument also implies that Xq has no nonconstant contractible fast periodic 
orbit if F G ni^{M, w; ao, aoo). 

Finally, and together gives 

maxG > maxF — 2e. 

The desired conclusion is proved. □ 
As direct consequences of Lemma 13.31 and ^ we have 




Grz^^^'^'- "0' ^ sup {max I H G Hsad{M,uj; ao, aoo)} , 
C^^°J{M,uj;ao,aoc) = sup {max | G 7i°^^(M, lj; ao, aoo)} • 



Proof of Theorem 11.101 We only prove The proof of is simi- 

lar. Without loss of generality we assume that G)j^(M, w; ao, aoo) > and 
GW(Af, uj; ao, aoo) < +00. We need to prove that if 

(37) ^A,g,rn+2{C;ao,aoo,l3l, ■ • ■ ,/3m) ^ 
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for homology classes A e H2iM;Z), C e H^{Mg,m+2;Q) and j3i,...,l3m S 
H^:{M; Q) and integers m > 1 and g > 0, then 

(38) cPziM,iu;aQ,a^) <Lo{A). 

Arguing by contradiction, we may assume by (|36p that there exists H G 
'Hsad{M^Lj] Q!o, ckoo) such that max_ff > lo{A). Then we take 77 > such that 

(39) uYaxH ~2ri> uj{A). 

By the properties of H there exist two smooth compact submanifolds P,Q(l 
M with connected boundary and of codimension zero such that the condi- 
tions (1),(2),(3),(4),(6) in Definition O and (5') in Definition O are satis- 
fied. Changing H slightly near {H — 0} and near {H = rnaxi?} in the class 
'HsadiMyUj] ao, Qfoo) and using Lemma l2.f [ we can choose embeddings 

$: [-2,0] X ^ Q\Int(P) and [0, 2] x ^ Q \ Int(P) 

such that: 

(i) $({0} X dQ) = dQ and *({0} x dP) = dP; 

(ii) $([-2, 0] X dQ) n *([0, 2] x dP) = 0; 

(iii) H has no critical points in $([—2, 0) x aQ)U5'((0, 2] x dP) and is constant 
ms on $({s} X dQ) and rit on '^{{t} x dP) for each s G [—2,0] and 
<G [0,2]; 

(iv) H{x) < nis for any x £ M \ Qs and s G [—2, 0], and nt < H{x) for any 
X £ M\Pt and t £ [0, 2], where 

= (M\Q)U$([s,0] X ag) and Pf = P U *([G, t] x aP). 

Notice that the above assumptions imply 

•nis < TTig/ < maxiJ and < nt < nt' 

for —2 < s < s' < and Q <t <t' <2. Moreover Qs (resp. Pf) is a smooth 
compact submanifold of A/ with boundary <i>({s} x dQ) (resp. ^'({0 x BP)). 
Clearly, n Pi = 0. For r G [0, 2] we abbreviate 

Br = Pr(J Q-T- 

By the properties of H and p9|) we find 6 £ (0, f ) such that 

(40) m_2(5 > maxiJ — 77, n25 < V and sup \\W gW gH{x)\\g < p/2, 

where p is as in Lemma 12.21 As before we may choose a smooth function 
L:M^R such that 
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(a) supp(i) C Int{Bs); 

(b) ||L||c2 < miii{p/2,?7} (and thus sup^g^^^ g{H + L){x)\\g < p); 

(c) H + L has only finitely many critical points in lnt{Bs), and each of them 

is also strong admissible; 

(d) TO_25 < H{x) + L{x) for x € Int((g_5-). 

(e) H{x) + L{x) < n2S for x e Int(P5). 

As above, condition (c) is assured by Lemma 7.2 (i) in [FHS| . Set F = H + L. 
li X G Bs then either F{x) > m^2S or F{x) < n2S- On the other hand, the 
above (a) and (iv) imply that n2S < F{x) < m^25 if x € M\B2S- This means 
that a solution of i = Xp{x) cannot go to Bs from M \ B2S because F is 
constant along any solution of i = Xp(x). So any nonconstant solution of 
X = Xp{x) lies either in B2S or in M \ Bg. It follows from (a) and (b) that 
X = Xp{x) has no nonconstant fast periodic solutions. Using (^(1)1 and (a)-(e) 
again we get that F is a smooth Morse function on M satisfying 

each critical point of F is strong admissible; 

{F)2 A • F has no non-trivial periodic solution of period 1 for any A G (0, 1]; 

(F)3 F{x) > ma.xH — 77 for x e Qs, and F{x) < rj for any x e Ps] 

(i^)4 max_F < maxH + 77 and mini*" > —77. 

As a consequence of (F)i we get that J'ad{M , uj , X p) is nonempty. From 
Lemma 7.2(iii) in [FHSj we also know that Jad{M, Xp) is open in J{M, oj) 
with respect to the C"-topology. Therefore, we may choose a regular J G 
J'ad{M,uj, Xp) and then repeat the arguments in [LiuT] to define the Morse 
theoretical Gromov-Witten invariants 

^A,Jx.\F,g,m+2{C; QIo, ^00, . . . , Pm) 

and to prove 
(41) 

for each A G [0, 1]. As in Lemma 7.2 of [LiuT] we can prove the corresponding 
moduli space J^Ai{co, Coo', Ji,F, A) to be empty for any critical points cq G Ps 
and Coo G Q-S of F. In fact, otherwise we may choose an element / in it. 
Then one easily gets the estimate 

(42) < E{f) = F{co) - F{coo) + LuiA). 
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(Note: from the proof of Lemma 7.2 in |LiuT] one may easily see that the 
energy identity above their Lemma 3.2 should read E{f) = ^^'(^4) + H{c^) — 
H{c+).) From the above (F)3 and (g^]) it follows that 

maxi? - 27/ < F(coo) - -F(co) < uj{A). 

This contradicts ([5^ . So TM. (co ,Coo]Ji,F, A) is empty and thus 

^A,Ji,_F,g,m+2(C;Q!o,aoo,/^l, ■ • ■ , Pm) = 0. 

By dH]) we get ^ ,„^2(C'; ao, aoo, • ■ • , /3m) = 0. This contradicts ([27]). 
((38| is proved. □ 



4 Proofs of Theorems [1351 [1361 [T37I and [1:211 

Proof of Theorem 11.151 We start with the matrix definition of the Grass- 
mannian manifold G{k,n) = G(fc,7i;C). Let ji = k + m, M{k,n;C) = {A G 
C'=><" IrankA = /c} and GL(fc;C) = {Q S C'^^'= |detQ ^ 0}. Then GL(fc;C) 
acts freely on M{k, n; C) from the left by matrix multiplication. The quotient 
M(A:,n; C)/GL(fc;C) is exactly G{k,n). For A G M{k,n;C) we denote by 
[A] G G(/c, n) the GL(A:; C)-orbit of A in M{k, n; C), and by 

Pr: M{k, n; C) ^ G(fc, n), A [A] 

the quotient projection. Any representative matrix B of [A] is called a ho- 
mogeneous coordinate of the point [A]. For increasing integers 1 < ai < 
■ ■ ■ < ak < n let {offc+i, • • • , Un} be the complement of {ai, • • • , ak} in the set 
{1,2,..., n}. Let us write A G M{k, n; C) as A = {Ai, • • • , An) and 

4 — M . . . /I (= (T-fexfe a-nH A — ( A ... 4 A c (T-fexm 

^CKi ■ ■ - Ofc V Ctl ' ' CKk J ^ ^ ^ct^^^ ■ ■ - CKti V 7 7 Ctrl J ^ ^ 1 

where Ai, • • • , yl„ are fc x 1 matrices. Define a subset of M{k, n; C) by 

= {AGM(fc,n;C)|detA„,...„, ^0} 
and set U (ai, • • • , afe) = Fr{V{ai, • • • , afe)) and 

e(ai, • • • , afc) : • • • , afe) -> C^^^" = C'^™, 

It is easily checked that this is a homeomorphism. Z is called the local coordi- 
nate of [A] G G{k, n) in the canonical coordinate neighborhood ?7(ai, • • • , ak)- 
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Note that for any Z £ c^x™ there must exist an n x n permutation matrix 
P(ai, • • • , ttfc) such that for the matrix A — Z)P{ai, • • • , ak) we have 



(43) =/W and A 



Hereafter J^'^-' denotes the unit k x k matrix. It follows from this fact that 
for another set of increasing integers 1 < /3i < • • • < /9fc < n the transition 
function e(/3i, • • • , /3fc) o e(ai, • • • , afc)"^ from 6(0:1, afc)(C/(ai, ••• , 0;^)) 
to e(/3i, • • • , Pk){UiPi,- ■ • ,/3fc)) is given by 

where {Wf},...p,,W^,^,...^J = (/, Z)P(ai, • • • , afe)P'(/3i, • • • , /3fc). It is not 
hard to check that this transformation is biholomorphic. Thus 

(44) |(^J7(ai,---,afc), e(ai,---,afc)) I < ai < ■ ■ ■ < at < nj 

gives an atlas of the natural complex structure on G{k, n), which is called the 
canonical atlas. It is not hard to prove that the canonical Kahler form crC^'") 
on G{k, n) in such coordinate charts is given by 

^^tr[(/W+Zz')-idZA(/(™)+z'z)-irfz'] = ^^951ogdet(/W+Zz'), 



where dZ = {dzij)i<i<k,i<j<m and d, d are the differentials with respect to 
the holomorphic and antiholomorphic coordinates respectively (cf. [L]). 
On the other hand, it is easy to see that 

Tk^n = ^^991ogdet(A:4') 

= ^^tTl-iAA'y^dAAA'iAA'y^AdA' + {AA'y^dA A dA'] 

is an invariant Kahler form on M{k,n;C) under the left action of GL(fc;C). 
Thus it descends to a symplectic form rfc_„ on G{k, n;C). U A — (J^*^' , Z) it is 
easily checked that 

^^-tii-{AA')-^dAAA\AA'y^AdA' + {Al'y^dA A dl) 



2 

itr[-(/('=) + zz'y^dz A + zz'y^zdz' 



2 

+{i'^'''> + z'z'y^dz Adz'] 
— tr[(/('=) + zz'y^dz A (/(™) + z'z)-^dz'\ 
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It follows that Tfe.n = o-('^''"). Since Pr* Tkjn — Tk^n we arrive at 

(45) PrVC^'") = Tk,n. 

As usual, if we identify z = (zn, • • • , zi™, Z21, • • • , ^2™, • • • , Zki,- ■ ■ , Zkm) e 
^fem -^^j^j^ ^}jg niatrix Z — {zij)i<i<k,i<j<m the standard symplectic form in 
C*^™ becomes 

Denote by 

M°{k, n; C) = {yl e M(fc, n; C) | AA' = J^^) }. 

Then 

(46) '''fc,n|MO(fc,n;C) = Im" (;e,n;C) • 

In fact, since AA' = we have that dAA + AdA = and thus 

^^■tT[-{A'X)-^dAh^{A'X)-^Ad'X + (AlV^dA A d'X] 
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"'-tr[dA A dA'] + ^-^tr[dA^' A dAA!]. 



2 ' ' 2 

We want to prove the second term is zero. A direct computation yields 

k k n n 

tr[dAA A dAA ] = ^ JI^JZ ajgduis) A (^ disda^s) 

i—l j — 1 s—1 s=l 
k k n n 

= ^isdajs) A (^ djsda^s) (interchanging i, j) 

J — 1 i— 1 s—1 s — 1 

k k n n 

= -'^^^(^djsdais) A (^disdajs). 

i—l j — 1 s — 1 s—1 

Hence tr[dAA' A dAA'] = 0. (gSl) is proved. 
Lemma 4.1 For the classical domain of the first type {cf. Jffj 
Ri{k, m) = {Ze C*^'^" I /('^^ - ZZ' > 0}, 

the map 

$:(i?,/(fc,m),t^('=™)) ^ (C'^^",w('=")), -ZZ',Z) 

is a symplectic embedding with image in M^{k,n;C), and therefore we get a 
symplectic embedding^ — Pro$ of {Ri{k^m),uj'^^™-^) into (G'(fc, n; C), cr''^'"-'). 
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Proof. Differentiating 

$(z)$(z)' = \jm -zz'\jm -zz' + zz' = /C^) 

twice from both sides we get 

d\/ K'') - zz' /\ d\J n^) - zz' = 0. 

This leads to 

A <mZ)' =dZ A dz', i.e., = w^^™). 

Using (j45|) and (|46p we get that the composition $ = Pr o $ yields the desired 
symplectic embedding from (_R/(fc, m), w*^*^"')) to (G(fc, n; C), cr'^'^'")). □ 

Lemma 4.2 T/ie open unii ball is contained in Rj{k,m). 

Proof. It is well known that for any Z e C'^^™ with k < m (resp. k > m) 
there exist unitary matrices U of order k and V of order m such that 

;7Zy = (diag(Ai,---,Afc),0) (resp. C/Zy - (diag(Mi, • • • , m™), O)') 

for some Ai > • • • > Afc > (resp. fii > ■ ■ ■ > > 0), where diag(Ai, • • • , Afe) 
(resp. diag(/xi, • • • , ^m)) denote the diagonal matrix of order k (resp. m), and 
O is the zero matrix of order k x (m — k) (resp. (fc — m) x to). Therefore, 
Z e i?/(fc, to), i.e., /e") - zz' > 0, if and only if Aj < 1, j = 1, • • • , k, (resp. 
^l^<l,i^l,■■■,m). Let Z e ^^'^'"(l). Then 

km in n 

= EE i^'^i' = = E^' (^^«p- E^') < 1' 

4=1 i = l i = l k = l 

and thus Aj < 1 (resp. /i^ < 1), i.e., Z e Ri{k,m). □ 
Now Lemma 14.11 and Lemma 14.21 yield directly 

(47) WG(G(fc,ri),a('='")) > WG(i?/(fc,TO),w('="')) > ^ 

for m = n — k. Moreover, for the submanifolds X'*^'"^ and yC^-"-) of G{k,n) 
the computation in [SieTl IWi] shows «'i(fc.„),o.3(pi; [^^'''"^], = 1- 

Thus (ini) and Theorem [rT3] lead to 

(48) >VG(G(fc,n),(T('='")) < C^']j(G(fc,n),CT(^^");pt,a) < a^^'") (L^'^^")) = ^ 

for a — [X^*^'"^] or a = [yC^^")] with k < n — 2. Hence the conclusions follow 
from (|47| and (l48l) . Theorem II. 151 is proved. □ 
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Proof of Theorem [Tlel Since ^'L(fc,-^),o,3(^'^; [^^'''"^], = 1 it 

follows from Proposition 17.41 that 



for A = X iC^'"), where denotes the zero class in H2{M; Z). Theorem ll.131 



X a) < |a|7r 

for a = [X^'^^")] or a = with k<n-2. This implies iP)). 

For pTjl we only prove the case r = 2 for the sake of simplicity. The 
general case is similar. Let us take A = ©f^j^L^'^''"') e H2{W,'Z). Then 
n{A) = {\ai\ + \a2\)n. Note that 



because the dimensions of [x'*^''"'^] and [yC^'^"')] are even for i = 1,2. Propo- 
sition 17.71 gives 



cl,'°Hw^,r!;pt,[X('=-"^)]x < n{A) = i\a^\ + \a2\)7T, 



proving (^1]) . 

To see we assume r > 1 because of the result in Theorem 11.151 It 
immediately follows from p2p and ^U\j that 



WG(G(fci,ni) X ••• X G(/c^,n^),a('^'i'"i) ® • • • © tjC''-'"-)) < tt. 



On the another hand, by Lemma 14.11 we have a symplectic embedding from 



X ••• X ^/(/c^,^^),^^^!"!) © . . . © wC^-"-)) to iG{ki,ni) x ••• x 



implies 




.,,3(pi;pt, [r(^-».«»)],[x(^-'-')]) = i 



As before it follows that 
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G(fcr,nr),cr(''i^"i) ® • • • ® cr^'''- Moreover, Lemma |4?2] implies that 

^2fciniH h2fcrnr^2) C B^^'-"-'- (1) X ••• X ^2A;rnr^2) 

C i?/(fci, ni) X • • • X Ri{kr, rir)- 

These give 

WG(G(fci, ni) X • • • X G(fc^, n^), (t('=1'"i) © • • • ® ctC^-"-)) > tt 
and thus desired (HH). □ 

Proof of Theorem 11.171 Without loss of generality we may assume a > 0. 
Firstly, as in the proof of Theorem 11.161 one shows that 

*A,o,3(pi; [M X CP"], [M X pt],pt) ^ 

for A=[pt X CP^], and thus arrive at 

(49) c'^Hzi^ X CP",cj e a(T„;pi, [Af x pt]) < ott. 
Next we prove 

(50) dHliM-xB^"{r),uj®LUo;pt, [Mxpt]) = dj^l{MxB^"{r),uj(BLUo;pt,pt). 

By Definition 11.21 it is clear that the left side in ((50)) is less than or equal to 
the right side in ([50]) . To see the converse inequality we take H g Had{M x 
p2"(r), w © uJo;pt,pt). Let P = P(i?) and Q = (9(i?) be the corresponding 
submanifolds in Definition 11.21 Since 

P CQ C Int(Af X B^"(r)) = M x lnt{B^"{r)) 

and Q is compact there exists ij e (0, r) such that Q C M x B^"{ri). (Note 
that here we use dM = 0.) Therefore, H may be viewed as an element of 
Had{M X ^^"(r), w© wo;P^, W ^ Pt]) naturally. This imphes that the left side 
in ([501) is rnore than or equal to the right side in ([50)) . 
Thirdly, as in [HZTl |HZ2] one proves 

(51) cPziM X B^"{r),uj®LJn;pt,pt) > nr^ 

for any r > 0. By ((151), Theorem [13] (v) , ([50]) and ([5T]) we can obtain 

ATI- > C^Hz X CP" , Lu © acr„ ; pt, [M x pt] ) 

> [M X CP" , w © af7„ ; , [Af x pt] ) 

> &hI (M X (^y^) , © ; , [Af X pt] ) 

= dj^l {M X (^^) ^oj®oj^^-pt^pt) 
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for any S G (0, 1). Here we use the symplectic embedding {B^^{Sy/a),ujo) ^ 
(CP",ao-„) in the proof of CoroUary 1.5 in |HV2| for any < S < 1. Taking 
S —^ 1, we find that for S = 1 the above inequaUties are equalities. Together 
with Lemma \TM we obtain ^ and C(M x B'^"{r),uj® ujq) = irr^ in (j24[) . 

To prove the other equality of (jM]), i.e., C{M x Z2"(r),a; © wq) = 7rr^, 
note that each H e Had{M x Z^"(r),a; uJo;pt,pt) can naturally be viewed 
as a function in HadiM x B^{r) x IR2n-2/^^2«-2^ ^ ® wq ® ujsupt,pt) for 
sufficiently large m > 0. Here LOst is the standard symplectic structure on the 
tours R^"^^/mZ^"^^. It follows from the equality just proved in that 
max_ff < 7rr^ and so 

Cjj°^(M X Z^"{r),Lu®uJo;pt,pt) < nr^ 

for any r > 0. The desired conclusions easily follow. □ 

In order to prove Theorem 11.211 we need the following lemma told to me 
by Professor Dusa McDuff and Dr. Felix Schlenk. 

Lemma 4.3 For any two closed symplectic manifolds (Af , lu) and {N^ a) it 
holds that 

c{M X N,uj(Ba)> c{M, ui) + c(iV, a) 

for c = CHZ, c°uz and C'hz, C°hz- 

According to Lemma 11.41 it suffices to prove Lemma 14.31 for chz and c^^- 
Let F and G be admissible functions on M and iV, respectively. Since the 
Hamiltonian system for + G splits, we see that F + G is an admissible 
function on M x N . From this Lemma follows at once. 

Proof of Theorem ll.211 We denote by {W, uu) the product manifold in The- 
orem [L2ll Without loss of generality we may assume ai > i — 1, - ■ ■ ,k. Let 
Ai = [<CP^] be the generators of 7?2(CP"' ; Z), j = 1, • • • , /c. They are indecom- 
posable classes. Since = pt it follows from the proof of Theorem ll.161 

that 

for i — l,---,k. Set A = Ai x ■ ■ ■ x Ak- Note that each (CP"SaiCr„.) is 
monotone. By Proposition 17.71 in the appendix we have 

■^Afi,i{pt\pt,pt,fi) = 1 

for some class /3 G i?,(W^, Q). Thus by Corollary |1.19l we get that 

(52) c{W,uj) <Lo{A) ^ {al^ h afc)7r 
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for c = chZi c°uz- the other hand, Lemma 14.31 yields 

k 

c{W,uj) > ^c(CP"',aicr„J = {ai + ■ ■ ■ + ak)TT 

i=l 

for CHZ, c°jjz- ^ 

5 Proof of Theorems and [1724] 

Proof of Theorem ll.221 Under the assumptions of Theorem ll.22l it foUows 
from Remark 11.111 that the Gromov- Witten invariant 

*A.3,m+2(7r*C; ao, PD{[uj]), ai, • • • , am) ^ 0, 

and thus Theorem 1 1 . 1 01 leads to 

For a sufficiently small e > the well-known Lagrangian neighborhood theo- 
rem due to Weinstein |Wel| yields a symplectomorphism from (J7e, Wcan) to 
a neighborhood of L in (M, iv) such that (f>\L — id- Since L is a Lagrange sub- 
manifold one can, as in [Lu3[ IV6| , use the Poincare-Lefschetz duality theorem 
to prove that there exists a cycle representative of PD{[ll}]) whose support is 
contained in AI \ (j>{Ue) because uj is exact near L. By © we get that 

(2) (2) 

(53) C^HziUe 

Here we still denote by ao the images in i?*(C/e,Q) and Q) of ao 

under the maps induced by the inclusions L ^ and L ^ (t>{Uc)- Note that 
for any A 7^ the map 

satisfies ^^c^can = AcJcan- Theorem 11 .51 (iv). ([53]) and this fact imply that 

(2) 

^_f/z(^c,Wcan;ao,pt) < -fOO 

for any c > 0. 

In the case g = 0, since the inclusion L ^ M induces an injective ho- 
momorphism Tri{L) tti{M) and thus 4>{U^) ^ M also induces an injective 
homomorphism TTi{(j){Ue)) 7ri(M) it follows from ^ that 

Cffz (f^«'^can;ao,pi) = C'-i^°J{(l3{Ue),LU;ao,pt) 

< c'il\M,u;ao.PD{[uj])) < +00, 
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and thus that C)^^ (C/c, Wcan; SoiPO < +00 for any c > 0. 

In particular, if L is a Lagrange submanifold of a g-symplectic uniruled 
manifold [M, uj) , then we can take ao = pt and derive from ([7]) 

CHziUcUJcmi) = CHz{Uc,UJcan) < +00 

for any c > 0, and from ^ 

CjlziUcUJcan) = C'lf^ (C/c, t^^can) < +00 

for all c > if g = and the inclusion L ^ M induces an injective homo- 
morphism tti{L) 7ri(M). Here we use Lemma rOl and the fact that Uc is a 
compact smooth manifold with connected boundary and of codimension zero 
because dimL > 2. 

To see the final claim note that (A/, —lu) is also strong g-symplectic unir- 
uled. It follows from Proposition 17.51 that the product (ill x M, (— w) © us) is 
strong 0-symplectic uniruled. By the Lagrangian neighborhood theorem there 
exists a neighborhood A/'(A) C M x M of the diagonal A, a fiberwise convex 
neighborhood N'{Mq) C T*M of the zero section Mq, and a symplectomor- 
phism ip : (7V(A), (-tj) ® ^ (r*A/,Wcan) such that -tjj{x,x) = (x, 0) for 
X G M . Note also that the inclusion A ^ Af x M induces an injective homo- 
morphism 7ri(A) ni{M x Af). The desired conclusion follows immediately. 
□ 

Proof of Theorem 11.241 The case dim M = 2 is obvious. So we assume 
that dimAf > 4. We follow |Bil| . Let p:L^ v{N) ^ iV be the symplectic 
normal bundle of N in (Af, w). It may naturally be viewed as a complex line 
bundle with an obvious S'^-action 

t ■ {b, v) = (5, e^"^v), (b, v) e L a.iidt e = R/Z. 

Consider the projectivized bundle tt : P{L (BC) ^ N whose fiber at 6 G is 
the complex projective space P{Lb C). This bundle has a natural S'^-action 
induced by the action t ■ z = e^^'^**z of on each fiber summand of C, i.e., 
t ■ (&, [v : z]) = (6, [v : e~^'^**z]). It has also two special sections, the zero 
section Zq = P({0} ® C) and the infinity section Zoo = P(i ® {0}). One can 
construct an S'^-invariant symplectic form on P(i © C). Roughly speaking, 
fix any Hcrmitian metric || • || on i and denote by pm '■ S{L) — {{b,v) G 
-^lll^ll — 1} ^ ^ the associated unit circle bundle of L. The latter is a 
principal ^^-bundle. Let = R/Z act on CP^ and S{L) x CP^ by 

t • [zo : zi] = [zo : e-^^''z{\, [zq : zi] G £P\ 
t ■ {{b, v), [zo : zi]) - ((6, e-2-*«), [zq : e~^^'' z{\) 
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for {b,v) e S{L) and t e S^. Then the quotient manifold S{L) x 51 CP^ and 
P(L ® C) can be identified via the diffeomorphism induced by the projection 

$ : SiL) X ^ P(L® C), ((fe,f), [zo : zi]) (6, [zov : zi]). 

Under this identification one has Zq ~ S{L) X51 {[0 : 1]} and Zoo — S{L) Xgi 
{[1:0]}. If is the curvature of the Hermitian connection V on L, then 
Pn ■— 2^^^ ^ representing 2-form of the Chern class ci(L). Choose < 
Ao < e so that 

T\ ■■= u}\n + ApAT 

are symplectic forms on N for all < A < Aq. Let h : CP^ [0, 1] be given 
by h{[zQ : zi]) = |zo|/(|zoP + l^ip). Define a map 

■■ S{L) X51 CP' ^ [0, Ao], [ib,v), [zo : zi]] Xoh{[zo : zi]). 

Then all level sets H^^{X), A ^ {0, Ao}, are diffeomorphic to S{L), and the 
only critical submanifolds of are H^^{0) = Zq and H^^{Xo) — Z^o- 
As in Example 5.10 in |McSal| (see also jMWo| ) one gets an S^-invariant 
symplectic form ajx^ on P(L®C) such that Zq, Zoo and all fibers are symplectic 
submanifolds. More precisely, waqIzo — ^\n, ^Xo\z^ — ^^In + XqPn and each 
fiber P(L©C)b = <CP' is equipped with an S'^-invariant symplectic form with 
corresponding moment map Aq/i, i.e., AoWfs- Here wps is the standard Fubini- 
Study form on CP' with J^pi cjps = 1. Furthermore, Zq has normal bundle 
in (P(L C),a;A(,) with first Chern class [pat] = ci{L), see the appendix in 

pm] . 

As in [Bil| . from a transgression 1-form a'^ of the connection V on L\0 one 
can get a 1-form a £ il'{S{L)) such that da — —p*j^pN and a{X) = 1, where 
X : S{L) TS{L) is the fundamental vector field of the above S^-action on 
S{L). The first condition means that Ti. = Ker(a) is the horizontal distribution 
of the connection on S{L) induced by V. By Exercise 5.11 in [McSal] , under 
the above identification P(L C) = S{L) X51 CP' , the symplectic form o^Aq 
is induced by the S'^-invariant closed 2-form 

^Ao := Piv('^U) - Xod{ha) + Aqcjfs 

on S{L) X CP\ 

Set Xl = P(L C). Take an almost complex structure £ J'{N,lu\n). 
By shrinking Ao > we can assume that Jn is (a;|jv + A/97v)-tame for all 
< A < Ao, i.e., Jn £ Jr{N,uj\N + Xpn)- (This is not needed in the case of 
[Bilj because pN can be taken as uj\n there.) Notice that the above horizontal 
distribution Ti. over S{L) naturally induces a horizontal distribution Ti. = 
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$,(7^ X 0) on Xl. So TXl = 7^ ® V, where V C TXl is the vertical subbundle 
whose fiber at g G Xl is Vq — Ker{dn{q)) = Tq{XL)Tr{q)- ActuaUy H is 
exactly the horizontal distribution on P(L C) induced by the sum of the 
connection V on L and the trivial connection on C ^ TV. Since — 
p*j^{Lu\ff + XohpN) + XQ(LUFs~dhAa), it is not hard to check that for any q G X^ 
the subspaces Hq and Vq are (wAo)q-orthogonal. Similar to |Bil| we construct 
an almost complex structure Jx on X^ as follows; for any q & X^, Jx\^ is 
the horizontal lift of {JN)q by the linear isomorphism d'K{q)\j^ : TLq T^^i^q-^N, 
and the restriction of Jx to the fiber (XL)7r(<j) = P(-^7r(g) ® C) is the sum of 
the complex structure determined by the Hermitian metric || • || on L and of 
the standard one on C. This Jx is WAo-tame because Jx G >Jt{N,u!\n + Xpx) 
for all < A < Aq. One easily sees that the almost complex structure Jx is 
fibred on Xl in the sense of Definition 2.2 of [Mc2] . Hence with Jx we can 
prove as in Lemma 2.3 of |Lu6| that for the homology class F G H2{Xl;'^) of 
a fibre of Xl N the Gromov-Witten invariant 

That is, {XL,i^\o) is a strong 0-symplectic uniruled manifold in the sense of 
Definition 1.14. By Theorem 1.10 we have 

dHz\XL,u;x,;pt, [Z^]) < GWoiXL,iOx,;pt, [Z^]) < cox.iF) = Aq. 

Note that for any < S < Xq the set {H\g < J} is a smooth compact sub- 
manifold in Xl with connected boundary and of codimension zero that is a 
neighborhood of Zq in Xl- It is easily seen that the inclusion {H\g < S} C Xl 
induces an injective homomorphism 7ri({i/Ao ^ ^}) ^ T^ii^L)- It follows from 
dH]) that 

c°Hz{{Hxo < <5},^Ao) < dH°z\XL,u;x„;pt, [Zoo]) < Ao. 

Identifying N with the zero section Ol and thus Zq it follows from the symplec- 
tic neighborhood theorem that for S > sufficiently small, {{H\g < S},uj\,,) 
is symplectomorphic to a smooth compact submanifold W C M with con- 
nected boundary and of codimension zero that is a neighborhood of N in M. 
Together with Lemma [T^ wc therefore get 

{W,uj)^C°Hz{W,uj)<Xo<e. 

The desired conclusion is proved. □ 
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6 Proof of Theorem 11.351 

The idea is the same as in |Kaj . We can assume that n/k > 2. Following 
the notations in the proof of Theorem 1 1.1 51 notice that the canonical atlas on 
G{k, n) given by (|44)l has ('^) charts, and that for each chart 

{Q{ai, - ■ ■ ,ak),U{ai, - ■ ■ ,ak)) 

Lemma [4.11 yields a symplectic embedding ^ai - ak of {Ri{k,m),uj'^^"^'>) into 
(G(fc, n), cr^'^'")) given by 

Z ^ [{\jm-ZZ', Z)P{au • • • , afc)], 

where P{ai,- ■ - ,0;^) is the n x n permutation matrix such that (|43p holds 
for the matrix B = Z)P{ai, ■ ■ ■ ,ak)- Moreover, for the matrix A = 

- Z'Z\ Z)P{ai, • • • , ttfc) we have 

= \l m - ZZ' and A„,_^^...„„ = Z. 

Note that 

II^IP = ||^Ql---Qfc IP + ||^Qfc+l---a„ 11^ 

= tr(/('=) -ZZ')+ tr{ZZ') = fc, 

and therefore 

P„,...„Jp = fc-|lA„,,,...„Jp = fc-|lZ|p. 

By Lemma 221 these show that (-B^'^'"(r)) is contained in 

A(ai,- • •,afc;r) = {[S] e G(ft,n) I tor all A e [B] n M^{k,n;C), 
^ ' \\A^,...^J\^>k-r^} 

for any < r < 1. Note that fc > 1 and n/k > 2. There must be two 
disjoint subsets of {1, • • • , n}, say {ai, • • • , ak} and • • • , Pk}, such that 
ai < • • • < Q!fc and /3i < • • • < For any two such subsets we claim that 

$„,...„,(i?2'=™(i))n$^,..^,(i?2'=™(i)) = 0. 

In fact, A(q;i, • • • , ak', 1) and A(/3i, • • • , Pk', 1) are disjoint. Otherwise, let [B] 
belong to their intersection and take a representative A of [B] in A/°(fc, n; C). 
Then 

fc>||A„,...„J|2 + ||A^^...^J|2>2fc~2 
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by ((54l) . This contradicts the assumption that k > 2. Now the conclusion 
follows from the fact that there exist exactly [n/k] mutually disjoint subsets 
of {1, • • • , n} consisting of k numbers. □ 

Proof of (|27p. Notice that G{k,n) can be embedded into the complex pro- 
jective space CP^ with N = n\/{n — k)lk\ — 1 by the Pliicker map p (iGHj), 
and that for any /-dimensional subvariety X of <CP^ one has 

Vol(X) = deg(X) • Vol(i) 

with respect to the Fubini-Study metric, where L is an Z-dimensional linear 
subspace of CP^ (cf. [El P- 384]). But it was shown in Example 14.7.11 of 
[Fu] that 

l!.2!...(fc-l)!.(fc(n-fc))! 

deg{p{G{k,n))) - 



{n-k)\-{n-k+l)l---{n-l)\' 
It is well-known that the volume of a k{n — fc)-dimensional linear subspace L 

k{n-k) 



of CP^ is 



Vol(CP 



k(7i — k) \ 



{k{n-k))\' 

These give □ 



7 Appendix: The Gromov-Witten invariants of 
product manifolds 

In this appendix we collect some results on Gromov-Witten invariants needed 
in this paper. They either are easily proved or follow from the references given. 

Let {V, iu) be a closed symplectic manifold of dimension 2n. Recall that 
for a given class A G H2{V;'Z) the Gromov-Witten invariant of genus g and 
with k marked points is a homomorphism 

*L,fc • H4Mg,k;Q) X H,{V;Qf ^ Q, 

where 2g + k > 3 and Mg^k is the space of isomorphism classes of genus g 
stable curves with k marked points, which is a connected Kahler orbifold of 
complex dimension 3g — 3 + k. In [Lu8| we used the cohomology H*{V;Q) 
with compact support and the different notation QW^^'^ff'' to denote the GW- 
invariants since we also considered noncompact symplectic manifolds for which 
the dependence on further data needs to be indicated. For closed symplectic 
manifolds we easily translate the composition law and reduction formulas in 
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[Lu8| into the homology version, which is the same as the ones in |RT2| . Let 
integers gi > and fc^ > satisfy 2gi + ki > 3, i — 1,2. Set g — gi + 52 and 
k = ki + k2 and fix a decomposition S = Si U S2 of {1, • • • , /c} with \Si\ = ki. 
Then there is a canonical embedding 

(55) 6s : Algi,fci+i x Alg^^fc^+i Mg^, 

which assigns to marked curves (E^; x\, • • • , x^,,^-^), i — 1,2, their union Ei U 
Tj2 with xl.^_^_-^ and a^^^+i identified and the remaining points renumbered by 
{!,■■■ ,k} according to 5*. Let 

be the map corresponding to gluing together the last two marked points. It is 
continuous. Suppose that {Pb}b=i is a homogeneous basis of H^{V; Z) modulo 
torsion, {i]ab) its intersection matrix and (77"'') — (riab)~^- 

Composition law. Let 

[K,] e H4Mg^^k,+i;Q), i = 1,2, [Ko] E H,(Mg-i^k+2;Q) 
and A e H2{V; Z). Then for any ai, ■ ■ ■ , in H^{V; Q) we have 

*Is,fc(^5*([^i X ;ai, •••,«,.) = (_i)cod(/f.)2:?I,codK) 

A=Ai+A2 a,b 

*A,s,fc((Ms,fc)*([i^o]); ai, • ■■,ak)=J2 *A,g-i,fc+2([^o]; ai, ■ • • , "fc, Pa, PbK\ 

a,b 

Remark that (-l)™d(K2) Ejii cod(a.) ^ („i)dim(i<-2) E-'^i dim(a.) because 
the dimensions of A4g^^ki+i and F are even. Denote the map forgetting the 
last marked point by 

TTfc : Mg,k Mg,k-l- 

Reduction formula. Suppose that {g, k) ^ (0, 3), (1, 1). Then 

(i) for any ai, ak^i miJ,(T^;Q) and [K] £ H^{Aigy,Q) we have 

(56)*l3,fc([^];«i, • ■ ■ , [V]) = • ■ • ' "fc-i) 

(ii) i/afc e i72n-2(V^;Q) we We 

(57) 
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Lemma 7.1 Let {V,llj) be a closed symplectic manifold, {(3b}b=i ^ homoge- 
neous basis of H^{V;1j) modulo torsion as in the composition law above. Sup- 
pose that there exist homology classes A e H2{V; Z), ai, • • • , am G H^,(V; Q) 
and g > such that 

(58) '^lg,r,^{pt■, 

Q;i , • • • , Q^m 

Then for each nonnegative integer g' < g we have 

*A,g',m+2s(P*;"l> ■ ' ' , <^m, Pai, Pbi, ' ■ ■ , Pa, , PbJ 7^ 

for s = g — g' and some Pai, Pbi in {Pb}b=i' * = 1, • ' • : S- 

Proof. By the composition law for Gromov-Wittcn invariants we have 

a,b 

By (|58p . the left side is not equal to zero. So there exists a pair (a, 6) such 
that 

'J'X,g-l,m+2b^;"l7 • • ■,arn,Pa,Pb) ^ 0. 

If g — 1 > g' we can repeat this argument to reduce 5 — 1. After s — g ^ g' 
steps the lemma follows. □ 

Lemma 7.2 Let {V,lu) and {Pb}b=i be as in Lemma \7.1\ Suppose that there 
exist homology classes 

AeH2{V-Z)Au---.ik&H,{V-Q) and [K] e H^iMg^u-M) 
such that 

(59) a, •••,&) 7^0 

for some integer g > 0. Then for each integer m > k we have 

rn — k 

• • • ,a,>^([H), • • • , PDM)) + 0. 

Eere - (tt,,,)-! o • • • o (^fc+i)-i(if). 

Proof. Using the definition of the GW- invariants, it follows from ((59)) that 
2g -\- k > 3 and that the space Aig^k{V, J, A) of fc-pointed stable J-maps of 
genus g and of class v4 in y is nonempty for generic J S J^(V, to). In particular, 
this implies uj{A) ^ 0. Applying the reduction formula ([57)1 to ([59]) we have 

*Is,fc+i(K"+i(^)]; 6, • • • , 6, ^'^(H)) = ^(^) • *I,,fc(M; a, • • • , 6) ^ o. 
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Continuing this process m — k ~ 1 times again we get the desired conchision. 

□ 

Proposition 7.3 For a closed symplectic manifold (V,w), if there exist ho- 
mology classes A G H2{V; Z) and Ui G H^,{y; Q), i — 1, • • • , fc, such that the 
Gromov- Witten invariant 

(60) ^A,g,k+i{pt\pt,ai, • • • ,afc) 7^ 

for some integer g > 0, then there exist homology classes B G H2{V]'L) and 
Pi, 132 € i?*(F;Q) such that 

(61) *s,o.3(pi;p<,/3i,/?2) ^0. 

Consequently, every strong symplectic uniruled manifold is strong 0-symplectic 
uniruled. 

([ST|) implies that B is sphericaL In fact, in this case there exists a 3-pointed 
stable J-curve of genus zero and in class B. By the gluing arguments we can 
get a J-holomorphic sphere / : CP^ M which represents the class B. That 
is, B is J-effective. So B is necessarily spherical, cf. Page 67 in |McSa2j . 
Proof of Proposition 17.31 By Lemma 17. 1[ we can assume 5 = in , 
i.e. 

(62) ^Afi,k+i{pt]pt, ctk) ^ 0. 

This implies that fc + l>3orfc>2. Iffc = 2 then the conclusion holds. If 
k = i we can use the reduction formula (|56p to get 

*yi,o,5(pi;p^, "1, ■ ■ • ,"3, [V]) = '^A,aAipt;pt,ai, ■■ ■ ,a3) ^0. 

Therefore we can actually assume that A: > 4 in ([5^ . Since Alo,m is connected 
for every integer m > 3, i?o(A^o,rn,Q) is generated by pt. For the canonical 
embedding ^5 as in we have Os^{pt x pt) — pt. Hence it follows from the 
composition law that 

^A.a,k+iipt;pt,ai, ■ ■■ ,ak) 

= X! ^ *Ai,o,4(pi;pi, ai, a2, /3a)?7°^*yi2,o,fc-i(pi; as, • • • , Qffc) 

A=Ai+A2 a,b 

because cod(_fi'2) ~ cod{pt) is even. This implies that 

(63) ^AuOA{pt;pt,ai,a2,l3a) 7^0 
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for some Ai e H2{V; Z) and 1 < a < L. By the associativity of the quantum 
multiplication, 

*Ai,o,4(pi;pi, ai,Q;2,/3a) = 

± X! X!*^ii'0'3(pi;P^,ai,ei)^'Ai2,o,3(pi;/i,a2,/?a) 

Ai=Aii+Ai2 I 

where {e;}/ is a basis for the homology fl"*(M;Q) and is the dual basis 
with respect to the intersection pairing, see (6) in [Mc2j . It follows from this 
identity and ((63)) that 

^Aii,o,3(p^;pi,ai,e;) ^ 
for some I. Taking B ^ An we get (|ST|) . □ 

Proposition 7.4 Lei (M, w) and (TV, cr) be two closed symplectic manifolds. 
Then for every integer fc > 3 and homology classes A2 € H2{N]'L) and j3i £ 
i?,(7V;Q), ^ = l,---,fc, 

*oeA^.o,fc(P*; [M] «) /3i, • • • , [M] (g) (3k) = *l,o,fc(pi; A, ' • • , 

where G H2{M;'L) denotes the zero class. 

Proof. Take Jm G J{M,uj), Jn € J{N,a) and set J ^ Jm x J^. Note that 
the product symplectic manifold {M x N,lu ® a) is a special symplectic fibre 
bundle over (M, oj) with fibres (A^, cr). Moreover, the almost complex structure 
J = Jm X >/Af on M X TV is fibred in the sense of Definition 2.2 in |Mc2| . So for 
a fibre class 00^2 we can, as in the proof of Proposition 4.4 of |Mc2| . construct 
a virtual moduh cycle 11 ^^{M x N,J,0® A2) of 'Mq,3{M x N,J,0® A2) such 
that the M-components of each element in Mq^^(M x N,J,0(B A2) are Jm- 
holomorphic, and thus constant. This shows that the virtual moduli cycle 
Mo3(M X N,J,0®A2) may be chosen as M x Mq ^{N, J^, A2). The desired 
conclusion follows. These techniques were also used in the proof of Lemma 2.3 
in [Lu6| . We refer to there and §4.3 in [Mc2| for more details. □ 

As a direct consequence of Proposition 17.31 and Proposition 17.41 we get 

Proposition 7.5 The product of a closed symplectic manifold and a strong 
symplectic uniruled manifold is strong 0-symplectic uniruled. In particular, the 
product of finitely many strong symplectic uniruled manifolds is also strong 0- 
symplectic uniruled. 
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Actually we can generalize Proposition 17.41 to a symplectic fibre bundle 
over a closed symplectic manifold with a closed symplectic manifold as fibre. 
Therefore, a symplectic fibre bundle over a closed symplectic manifold with a 
strong symplectic uniruled fibre is also strong symplectic uniruled. 

In the proof of Thcorem I 1 . 2 II we need a product formula for Gromov-Witten 
invariants. Such a formula was given for algebraic geometry GW-invariants 
of two projective algebraic manifolds in [B]. However it is not clear whether 
the GW-invariants used in this paper agree with those of [B] for projective 
algebraic manifolds. For the sake of simplicity we shall give a product formula 
for a special case, which is sufficient for the proof of Theorem 11.211 Recall 
that a symplectic manifold {M, ui) is said to be monotone if there exists a 
number A > such that uj{A) = Xci{A) for A € tt2{M). The minimal Chern 
number > of a symplectic manifold {M,oj) is defined by (ci,7r2(M)) = 
NZ. For J G J{M,uj), a homology class A e H2{M,Z) is called J-efTective 
if it can be represented by a J-holomorphic sphere u : CP^ M. Such a 
homology class must be spherical. Moreover, a class A G H2{M,'Z) is called 
indecomposable if it cannot be decomposed as a sum A = Ai + ■ ■ ■ + Ak of 
classes which are spherical and satisfy Lu{Ai) > for i — 1, • • • , fc. 

Proposition 7.6 Let the closed symplectic manifold {M,lu) either be mono- 
tone or have minimal Chern number N > 2. Then for each indecomposable 
class A G H2{M,Z) and classes ai G H^{M,Z) , i — 1,2,3 the Gromov-Witten 
invariant q ^{pt; ai, a2, as) adopted in this paper agrees with the invariant 
**^3(ai,a2,a3) m §7.^ of \McSa'^ . 

Proof. Let J G J{M,uj). Consider the space M.a,s{M,A, J) of equivalence 
classes of all 3-pointed stable J-maps of genus zero and of class A in M . For 
[f] G Mq s[M^ A^ J), since A is indecomposable it follows from the definition of 
stable maps that f — (E; zi, Z2, 23; /) must be one of the following four cases: 

(a) The domain E = CP\ z„ i = 1, 2, 3 are three distinct marked points on 

E, and / : E M is a J-holomorphic map of class A. 

(b) The domain E has exactly two components Ei — CP^ and E2 = CP^ 

which have a unique intersection point, /jsi is nonconstant and Ei only 
contains one marked point, /jsa is constant and E2 contains two marked 
points. 

(c) The domain E has exactly two components Ei = CP^ and E2 = CP^ 

which have a unique intersection point, /js^ is nonconstant and Ei 
contains no marked point, /js^ is constant and E2 contains three marked 
points. 
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(d) The domain E has exactly three components Si = CP^, E2 = CP^ and 
S3 — CP^. Si and S2 (resp. S2 and S3) have only one intersection 
point, and Si and S3 have no intersection point. is nonconstant 

and Si contains no marked point, /js^ is constant and S2 contains one 
marked point, /jsg is constant and S3 contains two marked points. 

Let A^o,3(^^, ^7 J^ii i — Ij 2, 3, 4 be the subsets of the four kinds of stable 
maps. It is easily proved that for generic J € Sf{M, lo) they are smooth 
manifolds of dimensions 

dim!Mo,3(M,A, J)i =d\TaM + 2ci(A), 
dim A7o,3(M, a, .1)2 = dim Af + 2ci(A) - 4, 
diuiMo,3{M,A, J)3 = dimAf + 2ci(A) - 6, 
dim A1o,3(A/, a, J)^ = dimAf + 2ci(A) - 6. 

So M.o^2,{M, A, J) — U^^i7Wo,3(Af, A, J)i is a stratified smooth compact mani- 
fold. Note that each stable map in M.q^^{M, A, J) has no free components. The 
construction of the virtual moduli cycle in |Lu8j with Liu-Tian's method in 
jLiuTj is thus trivial or not needed: The virtual moduli cycle oi Mq^^{M^ A, J) 
may be taken as 

7Wo^3(M,AJ)^SoV- [f] ^ [f]- 
where ^ is the space of equivalence classes of all 3-pointed stable L'^'^- 
maps of genus zero and of class A in M. Therefore for homology classes 
cti G H2{M,Z), i = I, 2,3, satisfying the dimension condition 

deg(Q;i) + deg(Q;2) + deg(Q;3) = 2n + 2ci{A) 

the Gromov-Witten invariant 

^Q^^ *Ao,3(P*; ai, a2, as) = ^^^ot^ ' x "2 x as) 

because the intersections can only occur in the top strata. Here 

(65) EVo^;^ : MoAM, A, J) [f] ^ {f{zi), f (22) , f (z^)) , 

and at :Ui —> M are generic pseudocycle representatives of the classes a^, « = 
1,2,3, cf. |McSa2| for details. Note that each element [f] in 'Mq^M^A, J)i 
has a unique representative of the form (CP^; 0, 1, 00; /). So Mo,3{M, A, J)i 
may be identified with the space Ai{M,A,J) of all J-holomorphic curves 
which represent the class A. Fix marked points z = (0, l,oo) e (CP^)'^ and 
define the evaluation map 

(66) Ea,j,. : M{M, A, J) ^ M\ f ^ (/(O), /(I), /(ex.)). 
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From the above arguments one easily checks that it is a pseudocycle in the 
sense of |McSa2) . Then gives rise to 

(67) 4'^^o 3(pt; 01,02,03) = £^A„/,z • (oi X 02 X S3) = *^3(ai, 02, 03) 
because we can require that oi x 02 x 03 is also transverse to Ea,j.z- ^ 

Proposition 7.7 Consider closed symplectic manifolds {Mk,ujk) as in Propo- 
sition pyTS] and indecomposable classes Ak G H2{Mk,'Z), k ~ 1,---,to. Then 
for € iJ*(Mfc, Z), i = 1,2,3 and k = 1, ■ ■ ■ ,m we have the Gromov- Witten 
invariant 

m 
k=l 

(68) 

where A = e^Li^fc- 

Proof. Set (M,w) = (x'^ti*4, x^^^c^fc). Take Jk E J{Mk,uJk), k = 
1, • • • , TO and set J = xJJLj^ Jfc. Then J g J{M, uo). It is not hard to prove that 
for generic Jk G J{Mk, oJk) the space A4o,3{AI, A, J) is still a stratified smooth 
compact manifold. We still denote by M.o^3{M, A, J)i its top stratum, which 
consists of elements [f] G Mo^3{M, A, J) whose domain has only one compo- 
nent CP^. It is a smooth noncompact manifold of dimension dimM-|-2ci(A) = 
J2T=i '^i™ -^fc + 2ci{Ak), and each element [f] e Mo^3{AI, A, J)i has a unique 
representative of the form 

f = (CP^; 0,1, 00;/= (/i, •••,/„)), 

where : CP^ are J-holomorphic maps in the homology classes A^, 

k — l,---,m. Note that the other strata of M.[)_3{M,A^J) have at least 
codimension two. For homology classes a'^^ G H^{Mk,Z,), i = 1,2,3 and 
k = 1, • • • , TO, satisfying the dimension condition 

deg(a^''^) + deg(af ^) + deg(af'^) = dim A4 + 2ci(Afe), 

we may choose the pseudo-cycle representatives a-'^^ : [/f"^ M, i = 1,2,3 
and fc = 1, • • • , TO such that: 

(i) {x^^Ai'') ^ {^k=A2^) ^ i^k^As^) transverse to the evaluations 

EVq;^ in IMl) and Eaj,^ in 

(ii) each a[''^ x a2'^-' x Sg'"'' is transverse to the evaluations Ea^,j^.z. and 

: Mo,3{Mk,Ak, Jk) -> A/I, [f^] ^ (/fe(0), /fe(l), /fc(oo)) 
for fc = 1, • • • , m. 
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Then as above we get that the Gromov-Witten invariant 

(69) K,oM^ ^k=A\ ^k=A\ ^i:=A^) 

- (EVo'.f )Ia7o,3(m,a,j), ■ ((xr=iSl'^) X [y-llA^) X (xlliSi'^)) 
= Eaj,. ■ ((xr^iSi'^) X (x^^iaf ) X (x^^iSf )) 

because of Note that 7W(M,y4, J) = ]\"f!^^M{Mk,Ak,Jk)- It easily 

foUows from the above (i) and (ii) that 

Ea,.l. ■ ((xr=i4") X (x^Li4'^) X (X,- 

= n ■ {af^ X a^^^ X 4''') 

fc=i 

The final step comes from Proposition l7.6l This and lead to ([55)1 . □ 
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